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TRANSLATOR'S PREFACE 


This is a translation of "Methodes de calcul differ- 
ential absolu et leurs applications," by G. Ricci and T. 
Levi-Civita, Mathematische Annalen, vol. 54 (1900). This 
memoire is one of the most influential and important in 
the history of both differential geometry and mathematical 
physics. For example, it seems to have been the basic 
document from which Einstein learned the tensor analysis 
that he used in the creation of General Relativity. 

My immediate aim is, of course, to make this key paper 
- which is still very readable and informative - available 
to the scientific community. To enhance its usefulness, I 
have added Remarks which link the material with contemporary 
differential geometry and physics. I have also modernized 
the notations and terminology, e.g. using the summation 
convention, and substituting the term ''Tensor Analysis" for 
"Absolute Differential Calculus." I have also added a few 
topics to the main text, e.g. the notion of "mixed tensor," 
which seemed useful. 

This is the first of a series of translations and 
edited impressions of classic work in differential geometry, 
Lie group and differential equation theory of the late 19th 
and early 20th centuries. I have always found this work a 
great inspiration, and much of it very "modern" in spirit. 
What is particularly important is that this group of geometers 
(e.g. Lie, Cartan, Ricci, Levi-Civita) thought of mathe- 
matics in close relation to physics, and their work can 
serve as a model of the sort of synthesis and interaction 
between mathematics and the disciplines which use mathe- 
matics that I am trying to develop in this series. 

I have changed the system used for references to con- 
form to contemporary fashion, and to eliminate footnotes, 
which are cumbersom to print and to read. The references 
are referred to by author and date, e.g. Ricci [1886] refers 
to Ricci's article dated 1886, listed in the Bibliography 
at the end. I refer to my own books by abbreviations, given 
in the Bibliography. For example, DGCV refers to my book 
"Differential Geometry and the Calculus of Variations." 
(This book, together with “Geometry, Physics and Systems" 
and some of the other volumes in this series can serve as to 
furnish general background detail, and notation for my 
Remarks.) ‘Volume II" refers to th.e Interdisciplinary 
Mathematics series. 

I again thank Mrs. Alta Zapf for her superb typing! 
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PREFACE 


Poincaré has written’ that a good notation has the 
same philosophical importance in Mathematics as a good 
classification system has in the Natural Sciences. One 
may extend this remark, with even greater force, to cover 
methods, since they determine the possibility of grouping 


diverse facts which have no obvious interconnection accord- 


ine to. certag® natural réelations.....«....9° ©. .°..) 0» a: 

One may also say that a theorem is only half-proved 
when it is proved by a tortuous route or by using artifices 
with no essential links with the material. Almost always 
the same theorem can be developed in a more complete and 
general manner, if one approaches it by a more direct route 
and with appropriate methods. 

For example, let us cite the case of the proof given 
by Jacobi and extended by Beltrami of the invariance of 
the expression A(U) (which is now called the Laplace- 
Beltrami operator). It is certainly elegant, and testifies 
to the profundity of thought of its discoverers, but it is 
surprising that to prove the theorem - which involves the 
algebraic theory of elimination - they use the variation 
of an integral. The application of this methodological 
principle to this example has led to the development of 
methods that we call the Absolute Differential Calculus 
(see Ricci [1886, 1889]), and discovery of a chain of differ- 
ential invariants generalizing the Laplace-Beltrami operator. 

The algorithm that we call Absolute Differential Calcu- 
lus, the subject of this work, may be found in a remark by 
Christoffel [1899] - but the methods are founded on the 
notion of 'n-dimensional manifold" that we owe to the genus 
of Gauss and Riemann. 

The metric properties of such manifolds are defined 
intrinsically by n independent variables and by an equiva- 
lance class of quadratic differential forms in these vari- 
ables, with two such forms equivalent if one can be trans- 
formed into the other by a change of variables. As a 
consequence a manifold, denoted by Mn, remains invariant 
under all transformation of coordinates. The Absolute 
Differential Calculus, which acts on covariant and contra- 
variant forms of M. to derive others of the same nature, is 
also - in formulas and results - independent of changes of 


Vv 
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coordinates. Since it is essentially attached to M,, (not 
to a choice of coordinates), it is a natural tool for all 
research which deals with such manifolds, or where one 
meets positive quadratic differential forms and their 
derivatives. 

The brief exposition that we give here of these methods 
and their applications is intended to convince the reader 
of their advantages - that we think are great and self- 
evident - and to reduce as much as possible the effort that 
is required - as for any new technique - from those who want 
to apply it. We think that, after having surmounted the 
initial difficulties, one will readily find that the 
generality and independence of choice of coordinates leads 
not only to elegance, but also to agility and insight into 
proofs and conclusions. 


Remark: The first two paragraphs are a classte statement 
of the practical tmportance of the development of elegant 
and general tools. Here, the authors clearly set the tone 
for much of twentteth-century mathematies. Phystctsts and 
engineers who like to complain about mathematictans becoming 
too faney and abstract for their taste should keep this in 
mind! Presumably a potnt that Rieet and Levi-Civita would 
take for granted “(since tt ts clear tn all thetr work) ts 
that thts thrust towards elegant and general methods tis to 
be tempered by a broad perspective and insight into the 
really important toptes, not the least of which are those 
done in contact with setence! 

From now on, I translate Absolute Differenttal Calculus 
by Tensor Analysts, although there may be subtle differences 
in what they meant and what we now mean by the terms. 

Nowadays, the notton of "mantfold" ts of course differ- 
ent from that which Rieet and Levi-Civita ascribe to Gauss 
and Riemann. We now think of a mantfold more coneretely 
as a set of points with certain definite properties, or 
satisfying certain definite "axtome." However, thetr 
emphasts on the use of local coordinates, provided the con- 
eepts are developed in a way which is "mantfestly invariant" 
of the chotce of any one coordinate system, means that most 
of the concepts developed by the "locat" Tensor Analysts 
carry over to manifolds as we now know them. Of course 
thts more elassteal viewpoint also played a critically 
tmportant role in Einstein's mind in hts development of 
General Relativity. To this day most physicists and engi- 
neers find the older ideas more congenital than those of 
modern dtfferentiable manifold theory. 
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It ts interesting to note that they refer to positive 
quadratte differential forms (we now say: positive 
Riemannian metrics) in the ftfth paragraph. In fact, every- 
thing works also tn the more general cease that the form is 
non-degenerat , and this enabled Finstetn to apply their 
methods to gravttatton. This ts an even greater vindication 
for the methodological principle they state in the firet 
two paragraphs than the example - now forgotten - that they 
ette. 
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Chapter I 
THE ALGORITHM OF TENSOR ANALYSIS 


1. CHANGE OF VARIABLES AND SYSTEMS OF FUNCTIONS 


Denote by T a general coordinate transformation 


eek (yey (1) 


L = 14). 45k ay 


which is invertible and regular in the domains we encounter. 
Further, let 2 be a system whose elements consist of func- 


tions 


where floes, f. are functions of the vamiabilies x, functions 
that we call elements of the system 2. Denote also by S a 
substitution which acts on the system & by substituting for 
the elements Eyoeees fy a set Zys---> By of functions of the 
variables y. 

Let us think of S as a function of T, i.e. suppose 
Ciat, ervedeh transitormatdion™] . lwwhiich aetson ahie amde- 
pendent variables one is given a well-defined substitution S. 
Further, assume that S, considered as a function of T, 
satisfies the following conditions: 


IL 
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il)) Tf T = identity, thenwor- sidentity, 


7) lipe AP aL T, are three transformations of type 1.1, 


1? 
Walt: eS Si> S5 the corresponding substitutions, 


and if one has 


T= ToT\; 
then also: 
S = SS). 


There are different ways to determine S as function of 
T. One may, for example, take as elements of the transformed 
system the function obtained by substituting y for the 
variables x, according to the given formulas (1.1). We will 
say in this case that the system transforms by invariance, 
or that it is invariant. 

But often the nature of the given system may make us 
prefer another transformation law. For example, if 
fies 2S are the derivatives of a function £ with respect 
to Xzoe++s X,, One finds it natural to take as transformed 
system the derivatives fplaeees is of the function f' which 
is the transform of f by the transformation T, instead of 
the functions which one obtains from the Elaeees in by 
applying the transformation T. 

In this case, the substitution S will be defined by 


formulas: 
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G2) 


where the functions Eyocees ts ought to be expressed in 


terms of the variables y. 


Remark: The summatton convention ts used in (1.2), and will 
be used from now on. It was not known when the paper was 
written, but was invented by Einstein, and enormously ex- 
tended the caleulational usefulness and simplicity of the 
formalism. 

If the given system consists of a function f and its 
derivatives up to a given order, one may require that it 
transform in the same way. In this case the formulas which 
represent the transformation law of the system are, analyti- 
cally, fairly complicated. The function transforms by 
invariance, its first derivatives by formula (1.2), and its 


second derivatives by the following formulas: 


Bre = ae ax* ax’ 
aytay) axKax® ay? ayd (1.3) 
, Of 2Oex 
ax* aylayd 


One also obtains important examples by considering the 
coefficients of an expression which is linear and homo- 


geneous in the first derivatives of a function, such as 
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ai 3f_ ame) 
i 
or the coefficients of an expression which is quadratic in 
the differentials of the independent variables, such as: 
Dad 
a; ;dx dx (ies) 
When one makes the transformation (1.1) on the inde- 


pendent variables, at the same time one passes from the 
expressions (1.4) and (1.5) to their transforms: 
Bt ek 
oy 
ia) 
bj dy divine. 


The new coefficients B’ and a5 are given by the following 


formulas: 
a 4) : 
B- = AJ 4 i (avs) 
aX 
k £ : 
ba. = ox 8% (1.7) 


hy Ake ayy 3y5 
It is then natural to perform on the system of coeffi- 
cients of the expressions (1.4) or (1.5) the substitutions 
(1.6) and (1.7) each time that one transforms the independent 
variables by the formulas (1.1). 
We conclude that the nature of the systems we study 


often suggests to us transformation laws which are differ- 


ent from the simplest transformation by invariance. 
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Remarks: This section develops the idea of general "co- 
vartance,” which is the main algebrate feature of tensor 


analysts, and which ts also very important physically, 


t 


espectally in General Relativity. 
Recall that, in the Special Theory of Relativity, 


Einstein first expressed the "laws of physics" in a form 
wWhitGh ts "covariant," 1.¢. has a well-defined transfor- 
matton law, according to changes of "reference frames" 
corresponding to "observers" in untform rectilinear motion 
with respect to each other. This corresponds (when the 
vartables x are tdentifted with space-time variables) to 
allowing only changes of variables (1.1) of a certain special 
type. (Precisely, belonging to a subgroup of the group of 
atffeomorphisms of Ro, ssually either the group of Lorentz 
or Galilean transformations on space-time). To accomplish 
thts required some interesting analysis of the physteal 
(and mathematical) "nature" of space and time, and physical 
laws, but no really new physics beyond that deseribed by 
Newton's Laws of mechanics and Maxwell's equations of 
electromagnetism. 

However, when Einstein turned his attentton to "20- 
variance" under general coordinate transformations on space- 
time - which was natural to him both because of his 


own private physical and philosophical ideas and nis under- 
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standing of this paper by Riect and Levt-Civita - he wae 
led to something fundamentally new, a completely "eovartant" 
theory of gravitation to replace Newton's (and which repro- 
duced Newton's to an approximation). Ever since then, this 
idea of expressing the "Laws of physics" in a “covartant 
form" has been one of the most powerful mathematteal tools 
in the phystcist's arsenal, particularly in the process of 
discovering new phystcal laws. In many areas, the way to do 
this ts sttll unknown - for example, there ts no quantum 
gravitattonal theory which ts completely covariant. 

The profound tdeas of Section lL may be readily desertbed 
tn terms of modern mathematical tdeas. I refer to Volume I 
tn thts sertes, "General Algebrate Ideas," for the termt- 
nology to be used now. 

Let R” denote the "space" of n-real variables, t.é. a 
potnt of R” is denoted by an n-tuple 


7) 


a S Co = ae a 
A transformation 
GisR oR” 
is a mapping satisfying the following condittons: 
HD) The funetions (1.1) deseribing the transformation 


are differentiable an arbitrary number of times. 


One says that T is infinitely differentiable or C. 
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2) f ts one-one and onto. The inverse map gee (whtch 
ts then well-defined as a set-theoretic mapping) 
ts also Cc”. (Note that there are such mappings 
which are one-one and onto, for which T 1 is not 
= @.g., the map x > 2° ip 1 se IR 5 

Such a mapping ts called a diffeomorphism in modern 

dtfferenttal geometry, but I will use "transformation" in 
order to stay closer to their terminology. 

Two such transformations can be composed and their 

tnverse taken, t.e. the set of all such transformattons 


forms a group, which we denote by 


G(R”). 
G(R") is of course defined as a transformation group acting 
on R": The transform of a potnt x € R" ley Gh We te G(R”) ts 
the point 


FEED 
However, G(R") may act on other spaces. What Riect 
and Levi-Civita mean by a "transformation" law tnvolves 
such acttons on other spaces 2, (usually infintte dimenstonal 
ones). 
For example, consider 2 as forming what they call {in 
the first paragraph) a system of funettons. In thts case, 


Q may be taken as the space of all C” mappings 
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7: Ro eee, (1.8) 
where m ie another integer. Such a mapping may be defined 
as a set 

ceo 
of m, real-valued, oe functtons on R", t.e. the mapping (1.8) 
ts defined explicitly as follows: 

f(z) = (fy (Be) seen, fn)? (lg) 

Wpene fo it (El sacos a) 6k" 

What they mean by a transformation law is a transfor- 
matton group actton of G(R") on &, t.e. a mapping 

G(R") x 248 
satisfying the following conditions: 

il)) Le GS ee (TjT,)(f) 
fon Teel pre ui lens 1.0 
(The image of (T, f) € G(R”) x 2 in & ts denoted oy BE PHD) c 
rd) lif 1 = StdentaLymmapeeethen G,) = fs formal atm Can On 
Although the authors do not inelude tt explicitly, tt 
would be appropriate to add a "Locality" condition. Here 
ts one way of phrasing it: 
3) Suppose that f, f' € 2 are two elements, and 

2 € R” 48 a point at which all derivatives of the 

corresponding components of f and f' agree, then 


all derivatives of T(f), T(f') agree at T(x). 
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To appreciate the full geometric meaning, tt would be 
necessary to go tnto the theory of "jets" of mappings. See 
VB and GPS. 

Various eat eadt one are needed and useful in 
dtfferent situations in mathematics and physics. One 
generalization ts to replace G(R”) bY a subgroup G; for 
example, Special Relativity involves: 

n=4 

G = group of Lorentz transformattons on ae 
Another generalization is to replace R” by a general dtffer- 
enttable mantfold N, and G(R") with the group of diffeo- 
morphism of N, and to take 2 to be the space of cross- 
sections of a fiber space, with N as base. (See DGCV, VB, 
GPS for more detail). Another posstbility is to relax the 
global nature of the transformations, i.e. to allow G(R") 
to tnelude coordinate transformations defined on open 
subsets of RK but only to require that elements of G(R”) 
be compared when their domains and ranges matchup. (Such 
a mathematical object ts called a pseudo group.) Finally, 
and most important (at least for the purposes of physics) 
ts the followtng generalization: 

G ts an abstract group. 

A group homomorphism (not necessarily one-one) 


Ca cin) 
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is given, a transformation group action of G on & then de- 
termines the "transformation law." 

This set-up allows the posstbility of a non-untque 
transformation law for a system of funettons fore i (and 
hence for physteal objects). The most prominent example ts 
the ease of spinors itn Spectal Relativity: Given a Lorentz 
transformatton on Rae there are two possible transformation 
laws for "spinor fields." Algebrateally, this means that 
the postulated group homomorphism 

(= G(R?) 
has Cy, the eyelte group with two elements, as kernel. 

We can now describe more explicitly the action of G(R”) 
on & that Ricet and Levi-Civita call - tn paragraph 3 - 
transformation by invartance. Let 

T: R” + R” 
be an element of Che), and let 

go Rs R™ 
be an element of 2, with: 

f = (hye cae fia’ 
Let 

P(f): 2 > f(P te) = POF) (a) (1.10) 
T(f) defined by (1.10) ts the transform by invariance. (In 
modern differential geometry, this is also denoted by pt apy), 


As the next example, given in Section 1, suppose: 
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re ant 
Set: 
eee lg) 
Then, 
an” 
es = T(f.) = (ig Ha) 
d ay 


It often requires a certain care with Logie to correlate 
this "aetive" way of looking at things - regarding a "trans- 
formatton" as acting on points, wtth the "passive" way 
tmplicitly used by the authors, where the "points" remain 
the same, and only the way of labelling them changes. For 
example, constder formulas (1.11). If 

y By. «-:s yd, @ = (eo Pees x”) 
denote points of R”, then formula (1.11) assigns to each y 
an x. This must be interpreted as: 

Ge = Bie 
Thus, tf « > f(x) ts an element of 2, tts transform "by 
tnvartance" ts 


y>f'ly) z fcr 


ule 
Thus, 
FiGy = fle(y)). 


Hence, using the chain rule for differenttatton: 
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' 2 
oft - re (2(y) (7.22) 


L? 


ay ox oy 
whteh is tdentieal to formula (1.11). 

To summartze, the "active" point of vtew - points change, 
while "coordinates" remain the same - ts the more customary 
in. modern differenttal geometry (hence we use it here), while 
the "passive" one - points remain the same but coordinates 
change - is used more itn physics and the older differential- 
geometric literature. In quantum mechantes, they "active" 
approach ts called the Schrodinger ptecture, while the 
"passive" one ts called the Hetsenberg picture. 


Example. Change of reference frame in mechanics 


Consider 


rR? 


as our space. A point ts denoted by: 


io S (m? mee Be a). 


et: 


(xt, a”, x), 


> 
x 


the positton vector, 


t= aa 


the time coordinate. Let 0 = (vt, oe v®) be a fixed vector 


° 3 A ° ° 
wn RR. Ustng tt, define a transformation 


BES ae > Ro 
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as follows: 

T(t, t) = (@ + vt, t). 23) 
This ts a Galilean transformation representing a "change of 
frame" corresponding to an "observer" moving with constant 
velocity v. 

From the point of view of physics, tt ts natural to 

assoctate two types of "systems". First, 

fic. t) =e; 52's 
with 

fy = 2, fp = 2's fg = 2° 
f defined in thts way represents the position vector. Thus, 


f(z, t) =z. 


Now, 
ptt, t) = (2 = Bt, €) 
Henee, 
fitz, ¢) = fir (dz, t)) 
= f(z - vt, t) 
= 2 - vt 


This represents the posttton veetor of the system as seen 
by the observer moving wtth constant velocity v. 
Similarly, let 
f(z, t) = t. 
This system represente time. It satisfies: 


f’=fe-=t, 
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i.e. time is invariant for Galilean transformations. Here 
ts the tmportant point: 

Both "position" and "time" systems transform "by tn- 
variance" under Galilean transformations, t.e. by the taw 


(1.10). However, the time system is invariant, t.e. trans- 


forms into itself under Galilean transformation. 


Exercise. Work out the analogous concepts in case T is a 
Lorentz transformation. Is there a system whitch "transforms 
by tnvartance" and transforms into itself, t.e. ts "tnvartant" 


in the usual sense? 


Vow, I want to explain the summation convention. In 
contrast to the convention used tn my prevtous work (e.g. in 
DGCV), we now use the form used itn Tensor Analysts, namely: 

An tndex occurring tn two places in a formula, one upper 

the other lower, ts assumed to be summed over tits 

natural (t.e. given) range of values. It ts assumed 
also that indices do not occur in a repeated form except 


in patrs, one upper, the other lower. 


For example, formula (1.2) reads, without the summatton 


econventton: 
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dip (a; 4) ts a 2-indexed symbol, then 


is not 


Using the summation convention, it ts: 
6¢Jq.., 
td 
where 
(6td) 
ts the Kronecker-Delta symbol, t.e. 


nid 2 tO ef t eg 
1ifi= gf 


As we go along, we shall see further rules for using the 
summatton conventton. 

We have emphasized the group-theorette meaning of the 
tdeas of Tensor Analysts. In fact, E. Cartan has emphasized 
that this way of Looking at it brings it within the influence 
of Klein's Erlangen Program, with infinite dimenstonal Lte 
groups as the baste group-theorette objects. Another direc- 
tton for abstraction ts towards the modern theory of 


Categories and Funetors. See MacLane [1]. 


2. COVARIANT AND CONTRAVARIANT TENSORS. EXAMPLES 


Among all the transformation laws that one may conceive, 
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there are two which play a predominant role in mathematics. 


We call them the covariant and contravariant transformation 


laws. 
Fix the integer n and the indices as follows: 
Weal ay isaq ac 6 ij> Lyseees Jys Tgecees vee SM. 
Let 
x = Gx oes; x") 


be independent variables, representing 

Res 
An m-th order system is a system (of the type described in 
Section 1), which is labelled by m-tuples 


CGAyoeees a ) 


m 


of indices rangimg over the valuessfromeis to n,.2.c.. tomeach 


(ij>---, i) € 2 x 2 eat zy 
m 
there is a unique function 
PG isan s >» ind 
in the system &. 
Remark. 4%, denotes the first n integers. By Ra a 


m 
denotes the Cartestan product of m copies of Zn° Thus, an 


"m-th order system," as defined by Rtect and Levi-Civita, 
is a mapping 


Z Meese 2 > (space of real-valued C” functions 
s on R”) 


ae 


m 
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Various types of m-th order systems are defined by 
putting some of the indices "below", some "above". For 
example, for m = 2, we mtght label them as 


ae 


This would be "covariant". Alternately, 
Bech 
1°2 
7 : 
This would be "contravariant." 
E 
1 
ts, 


would be "mixed". 


Herinituen. The comartant m-th order system consists of the 


sets of functions indexed (in order to make this transfor- 
mation law natural from the point of view of the summation 
convention) as follows: 

ae te, ) 


i SS ag 5 the Sail, 


yore a 


The transformation law of the covariant system, for a trans- 
formation 

x ty = -y 
of Ro = R” (given again by formulas (1.1)), is the following 


one: 
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ji Im 
ee , 2X... (252) 
1°°°om Jy>s*In ay ay @ 
Remark. Y; i denotes the components of the system 
The afi 


transformed by T. (It was denoted by X' in Section 1). 
The elements of this system are called m-th order co- 


vartant tensor fields on KR’. 


Definition. The m-th order contravariant system consists 


of the sets of functions ‘indexed as follows: 


: ; : i i 
Bee ae pol He a. o5] i m 
yo ie ye ee ee an 
sa) Im 
op, ox 


The elements of this system are called contravariant tensor 
ftelds. 

In (2.3), it is assumed that the y's are functions of 
the x's, which requires the inversion of relations (1.1), 
then expressing everything back in terms of y. 

Denoting by X a function of the variables x, by Y the 
same function expressed in terms of y, the formula 

Y=X 


may be regarded as a particular case of both (2.2) and (2.3). 
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Thus, a system of order 0 besides being an "invariant", 
may be considered as a limiting case of a covariant or 
contravariant system. 


From now on, when we:introduce a symbol such as 


ij---i, 
ijl, 
(or X ) we understand that it belongs to a covariant 
(or contravariant) system of order m, that we call system 
al scanned 
Xe: _ ((ore 3 : ys 


1292 a 


The first order derivatives of a function and the coef- 
ficients of a quadratic differential form » provide examples 
of covariant systems of, respectively, first and second 
order. The inverse of the coefficients of » provides an 
example of a contravariant system of second order. Similar- 


ly, the formulas 


tell us that the differentials of the independent variables 
are examples of a contravariant systems. 
The systems which are formed of the derivatives of 
order m > 1 of a function 
(Oe) 
are neither covariant nor contravariant. The transformation 


law of these systems are more complex - which is the source 
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of the difficulty one meets in Differential Calculus in 
transforming the partial derivatives of order greater than 
the first. 

We will see that one may avoid these difficulties by 


replacing ordinary differentiation with another operation, 


Remark: This operation is now called covariant differ- 
entiation. 

It is useful to note that covariant or contravariant 
systems of the theory of algebraic forms are particular 
cases of those we just defined, since in this theory one 
considers transformations of type (1.1) which are linear and 


homogeneous. 


Remark: Here ts how some of these basie tdeas may be des- 
ertbed tn more contemporary algebrate language. Let 
PCE?) 
denote the set of real-valued, Ce funettons 
ip Se apes) 
ce 


on R (x, as always, denotes a potnt of ae with coordinate 


ee z”).) One can add and multiply two such functions, 


i.e. F(R") forms a commutative ring. (See Vol. I for the 


general algebrate tdeas used here), 
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A derivation is a mapping 

X: F(R”) + F(R”) 
such that: 

X(f sf) = X(f iI f%5 + fiX(fo)- (2.4) 
Such derivations ean be added and multiplied by elements of 
F(R"), t.e. they form an F(R") module which its denoted by 

V(R”). 

The elements of V(R") are also called vector fields. It 
turns out that they are also naturally identified wtth 
l-contravariant tensor ftelds, as defined above, as we shall 
see in a moment. Wow, set: 

Pog) = vik") evita”) 

VCR") = VCR") @ viR"). a 
and so forth. It turns out that the elements of v"(R") are 
the m-contravariant tensor fields. (In (2.5), the symbol ® 
denotes tensor product of the two F(R")-modules. Now, in LM, 


Vol. II, we have defined tensor products of two vector spaces, 
with "fields" (e.g. the real or complex numbers) as scalars. 
The ideas generalize, and one can define the tensor product 
of modules as well.) 
To define the "co" objects, set: 
rt (R”) = dual module of v(R") 
= set of maps 


0: V(R") + F(R”) 
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such that: 

6(X, + Xo) = 6(X,) + 6(X 4) 

O(fX,) = fO(X,) 

fae kao 5 vir"), f € F(R”). 
ri(r”) is also an F(R")-module, hence its tensor products 
may be defined. The m-covariant tensors are then to be 


tdenttfied with elements of 


; 
fl) eee 
ey 


m times 
We must now show that these algebrate definitions 
reproduce those of Ricet and Levi-Civita. To thts end, 
define the coordinate differenttal operators 


2: BUR usar (Re 


3x 


dh Sh SP She 
They satisfy the "derivation" rule (2.4), hence define 


elements of v(R”). 


Theorem 1. The + form a basts for the F(R” )-module, V(M), 


x 
i.e. each X € V(R”) can be written in a untque way as 


X=X 


(2.6) 


with (ia, ¥) Coe). 
The proofs of thts and other results in these Remarks 


may be found in the standard differential-geometric reference 
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Listed in the Bibltography. See espectally DGCV and Bishop 


and Goldberg [1]. 


Theorem 2. The assignment 
X + (x") 

defined by (2.6) sets up a one-one, onto correspondence 
between the elements of V(R") and the l-eontravariant 
tensor ftelds. 

This correspondence will only be useful and natural 
if tt leads to the characteristic "“contravartiant tensor" 
transformatton law. We sketch how this goes. 


Gtven a transformation 


tee > R, 
the transform of f € F(R”) by T ts gtven by the formula: 


P(f)(a) = f(t 1 (x)). 


pose fe OE ie 


(This is the "transformation by tnvartance," which ts the 
first sort of transformation described by Riect and Levt- 
Civita). Given xX € V(R"), transform it by T as follows: 


P(X) (f) = T(X(TT(F))). (2.7) 


Notice that X + T(X) defines a transformation group action 


of G(R”) on V(R"). 
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Theorem 38. The correspondence 

xX > (x?) 
between V(R") and 1-contravariant tensors intertwines the 
actton of G(R") in both spaces. In other words, tf 


n(x) = ¥? 


then (Y°) te the transformation of (X") aecording to the 
contravartant transformation law. 
According to the prinetples of tensor algebra (see 


Vol. II), an element of 


V(R") @...® V(R") (2.8) 
Sy 


M times 


ts of the form: 


It ts now readily verifted that the correspondence 
snot 
1 n 


) 


t 
X +> (X 


sets up a 1-1 station between elements of the module (2.8) 
and the contravartant m-fold tensors, in the sense of Ricet 


and Levt-Ctvtta. 


Now, for the eovartant ones. Define a mapping 
d: P(R") + F(R”) 


by the following formula: 
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af(X) = X(f) (2.8) 
for f € F(R"), X € VCR"). 
df is called the differenttal or exterior derivative of f. 
In particular, one can apply d to the coordinate 
functions 2”. The resulting elements of Ft (R”) 


an pec dx”, 


form a basis for the module RR"), Let G(R") act as a 
transformation group on rt (R”) tn the following way: 
P(w)(X) = o(?"1x) (2,20) 


oem memoanl. ~ < F(R. x © VOR 


Theorem 4. Set up a correspondence 


a +> (X,) 


between elements of F(R”) (ealled differenttal forms of 
degree) and "systems" of funettons, in the sense defined 
by Riect and Levi-Civita. This correspondence then tnter- 
twines the action of G(R”) on eR”) (defined via formula 
(2.10) and the natural action on 1l-covartiant tensors. 


Similarly, a element of 


Un ee .ce Fe) (2277) 


M times 


may be written in the form: 
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He . ax a...0 dx ™ (C2 ie) 


This sets up a natural correspondence between the module 
(2.11) and the space of m-fold covariant tensors in the 
Riect and Levi-Civita sense. 

We can also introduce the moving frame viewpotnt (due 
to E. Cartan) to serve as a bridge between classical tensor 


analysts and modern dtfferenttal geometry. 


A moving frame for R” is a set 
CO ncoog BD 


of funetions whitch form a new coordinate system for ae 
t.@. which satisfy the following condttton: 


The map 


“2 Op ee y”(a)) 
(2,22) 


of Rs FR” tea dtffeomorphism. 


Each such moving frame determines bases of vir") and 


BR”), namely the following elements: 


dt 
2; S22 oe (is) 
oy oy aa! 
a ee 
dy = “1 dex 4 (Epes) 
re 


Each moving frame then sets up a correspondence of 


v(R") @...@ V(R") and F1(R") @...@ F(R") between m-fold 
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eontra and co-vartant indexed quantities: 


ae 
y ue : ae 5 € V(R™) @...8 V(R™) 
ayes ay ™ 
aE ie 
i a ee, o> ew ome as ay 
# m 


Again, one sees that this labelling is the correct one to 
derive the ecovartant transformation law for (Y; r ) 
aaa q10ttm 


_and the contravartant transformation taw for 
yen ee OE 
(Y 4 ny from the moving frame transformation law (2.13) 


3. ADDITION, MULTIPLICATION AND CONTRACTION OF TENSOR 
FIELDS. RIEMANNIAN-METRICS. RECIPROCAL SYSTEMS 
MIXED TENSORS 


Addition. If 


is also a m-covariant tensor field. We say it is the sum 
of the two given fields. Similiarly, one defines the sum 
of two m-contravariant tensor fields, which will be one 


of the same type. 
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Tensor Multiplication. If 


A tie < 
a JyeeJp 
are two covariant tensor fields, of order m and p, respec- 


AVES 


is a covariant tensor field of order m + p, that one calls 
the (tensor) product of the two tensor fields. Substituting 
the word "contravariant" for "covariant" defines the product 


of two covariant tensor fields. 


Contraction. lt 


TROT. 
is a covariant tensor field of order (m+ p), and Z : y 


is a m-contravariant tensor field, then: 


Haadadl 
Y = 74 eee 
Leeetim 1°**'ndas+ dp 
is covariant of order m. Similiarly, given tensor fields 
se ene 0 2. | eae 
x I m- 1 Dy Z - 
p45 


form the following m-contravariant tensor field: 

tea ger e 1a cael 
Y i moyx 1 m1 Jp , 
Oe Maes 


iby eet 
We say that ieee and Y : ™ are the contractions of 
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the two given tensor fields. 

In particular, for m = 0, one obtains by contraction 
a system of order zero, i.e. an invariant, which results 
from the contraction of two tensor fields of opposite type 
and the same order. 

The reader will perceive that these concepts, which 
are frequently used in calculation, are derived from a 


unified principle, called the saturation of indices. 


The fundamental Riemannian metric 
The methods of Tensor Analysis essentially require 
that we be given a positive quadratic differential form in 


the n-variables Eee eae i.e. an expression of the form: 


p = gjdx'dx’. 
Remark. Later on, the techniques of tensor analysts were 
completely freed of the need to hypothestze such a metric. 
See Sehouten [1] and Vranceanu [1]. 

The coefficients (835) of this form occur everywhere 


in our formulas, and give them a remarkable symmetry and 


Sen pilencantaves 


Reciprocal systems. 
Let 


(14) 
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denote the inverse matrix to (g55)> i.e. 
iy id 
where ae the Kronecker delta symbol, is zero if i # k, 


equal to +1 if i = k. 


In general, given an m-covariant tensor field X, 


Aut 
construct an m-contravariant tensor field denoted by 
Levene 
X S - by the following formula: 
Fieri oma ta iL 
xo ee ee . (3.2) 


Jye Sy 
In the same way, starting from a contravariant tensor field 
Toad: 
lc 


Zs sie define a covariant one, Z i? by the follow- 
Tia 
ing formulas: 
os 
Z = : SL aoe Mee 2 ; (ns) 
et a eo mJ m 


The succession of the operations (3.2) and (3.3) is 


the identity, hence we say that pairs of tensor fields 
ait La oo adl 
X ae Xe ; and Z; po : 

ae aaa 
are reciprocal with respect to the Riemannian metric. 


From (3.1)-(3.3), one derives the following identity: 
i nal AG sack cel : 
co ae eo a ae (44 


aber a ees 
il m Jl m 


It can be interpreted in words as follows: 


"Each function resulting from contracting a covariant 
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and contravariant tensor field of the same order is equal 
to the contraction of their reciprocals." 

After fixing the Riemannian metric, it suffices to 
give a covariant or contravariant tensor field and their 
reciprocals are determined. This fact is reflected in the 
convention, which we have already used in the examples, 
that the same sérTéR representsa covariant tensor or 
its reciprocal, according to whether the indices are placed 
below or above the letter. 


We shall now define an n-covariant tensor 


E. ‘ (Gray) 
i,---i, 


by the following rules: 


ba i changes sign when two adjacent indices are 
veel 
permuted. 
io tien VE 
where 


g = absolute value of det (gi5)5 the 
determinant of the matrix formed 
by the coefficients of the metric 
tensor, and +1 or -1 according to 
whether the determinant of the 
coordinate system in which the 


components of the tensor are being 
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described has a positive or negative 
Jacobian with respect to the original 
coordinate system of ous 


i 


God 
The ellements of the reciprocal tensor << 1 


" have simi- 
liar properties with respect to permutation of the indices, 
and have values 


— 
Vg 


Ores 


TWIGUSS 5 hae 


Xe oae 
a) 


is a 2-covariant tensor field, 


Il m 
€ Des Scares 
li, ni 
is 
det (Xj 5)/#VE, 
where dente 5) is the determinant of the matrix Cag: In 
Dateeulary bh ee z" are functions of n-variables 


n 
a. x, and 


iia oe zy 


is the Jacobian determinant of the functions, then we have 


the following identity: 


= it ete se Aa! 1 
‘Ve NG) eee yet Mg 2. : ae 
1 n 
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This identity makes intuitive the invariant property of A, 
and at the same time makes it accessible to the methods of 
tensor analysis. We denote the tensors 

ij--ei 


n 
Bs - and « 


beer) cucu 
I n 


by the names of covariant and contravariant tensors E. 
Mixed tensors 
Let 
i ' 
(X") and (X; ) 
be a l-contravariant and covariant tensor. If 
i 
Gy) 
is another coordinate system, recall that the components 
i 
Ce Cee 
in this new coordinate system transforms as follows: 


; : ae 
Yios xe 
axJ 


j 
Ox 
5 es SE 
i i gyi 
Set: 
5 EN ep a 
j j 
y.i = yty.! 
j j 


=, uSing the transformation laws given above. 
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k ay? Ox 
Xe xX,' = 
ox uy ey 5 
k ay' ox 
= (KX. ) a ss 
# ” ax* ay) 


We see that the products 
i 
ix, 
form a system (in the sense of Section 1) which transforms 
in a linear homogeneous way under a change of coordinates. 
Such a system we call a l-contravariant, l-covariant mixed 
tensor, and this way of forming such a tensor from a 


we 


contravariant and covariant one,will call the tensor 


product. 
In general, a mixed m-contravariant, p-covariant tensor 


assigns, to each coordinate system 


ES 
a system of function labelled 
sie AD 
Cae): 
ie a, 


which transform to a new coordinate system (y*) according 


to the following rule: 


: : i il k k 

Ayesedn xy Peo aga 5 1 ay ae iL ax 

Te oo 0) ee nek Tae eS £ ep nS j 
bs P : Piss ax ™ ay 1 ay P 


The products of two mixed tensors, e.g. an (m, p) and 


(m', p') one, form another mixed tensor, of type 
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(m+ m', p + p'). 
(This material on mixed tensors is not in the original 


paper). 


Remarks: This section ts purely algebraic, and may be 
readily desertbed in terms of modern "Tensor Algebra". 
(See, Volume It). The baste idea ts that contravariant and 
covartant tensors of a gtven order are dual modules. I will 
briefly sketch some of the matertal required: 
Let F be a ring, t.e. a set with an abelian addition 
and multtpltcatton operation 
Gee hated 4 f55 
satisfying the usual rules of algebra. We also suppose 
that F has a multiplicative unit element, denoted by 
ie 
A set M ts an F-module tf it has the following pair 


of binary algebrate operation: 


Addtitton: MxM -+M, denoted by 


axes Xi +7. 


ic) ee. ye Ga ae Ul 


Scalar multiplication: F x M+M, denoted by 


Caer ape 
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The following laws hold: 
f4(f 5%) = (fF yf 9% 
ROS fe 28) SP ape ao Hse 
1x = X. 
The dual module, denoted by 
ué 
consists of the set of all F-linear maps 
(lS RU) se 18 5 
Ute MOMSAaLTS Tes 


O(fxX) = fe(x). 


A set Xiy.a45 x, of elements of M forms a basis of M 


tf each X € M can be written as: 


ee eee 


and the coefficients (fyssers Doe € F are uniquely deter- 
mined by X. 


M ts said to be a free module if it has at least one 


pasts 


If M, M' are modules, one can form a third module 
MoM’, 


ealled the tensor product of Mand M'. The elements of 
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M ®M' are the ltnear combination 


1 
BP hy OX, 


i € we subject to the following 


‘ 


of elements x, €M, x; 


putes: 


Theorem 1. If M, mu? are free modules, so are: 


ut and M ® ee 


Theorem 2. If M ts a free module, and 
m-times 


m-times 
then M is the dual module to M’. The duality between 
them ts as follows: 


(Bn Cy yee 0,2 (X4 (Oy Ged xX? 


1 


= 0,(X,) ... 8 Xm? * 


Theorem 3. If Mis a free module, 


Ayi/ 
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Mm” @ MP is u™tP 
M @ My ts Maep’ 


The identification involved are as follows: 


1 @...9 xn? @ (Y, ®...@ 7 


Ul 
> 


®..@X, OY @...8 Y 


1 P 
@, ®..@ 6? ® (4 ®...2 Ny? 


1 @...9 oe ® N41 Q...97 


Ps 
Notattonal remark. The use of tndtices here, e.g. Xyoces 
ts not tensorial. X,, Xo,... denote particular elements 
of M. The indices then are simple "counting" indices, and 
the reader must keep thetr role distinet from the far more 
essential role that indices play in elassteal tensor 
analysts! One reason Tensor Analysts ts no longer in 
fashton in mathematies ts that tt depends eritically on 
this elaborate "technology" of indices, whereas the "coordt- 
nate free" methods of modern differenttal geometry are much 
more in tune with tendenetes in algebra, and the rest of 
mathematics. 

We can apply these algebrate results to understand the 
algebrate operattons Rieet and Levi-Civita define in this 


Seetton. Set: 
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T” = set of m-contravartant 
typeset 
tensor ftelds X ; ‘ 
T, = set of m-covariant 
tensor ftelds X. , 
eae cst 
i m 


Two elements of Te or T” may be added and multiplted 
by a functton of «, t.e. they form F(R")-modules. We have 


already seen, tn the Remarks to Section 2, that: 
T, = e (RO on. F(R”) 
eee, 


m-ttmes 


TeV Je... eV CR) 
eG 


m-ttimes 


We see then that: 


This defines the tensor multiplication presented in this 


Sectton. The contraction operation ts based on the fact 


thats: 


Contraction is defined by bilinear maps 
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or by ltnear maps 


Tank @ Tee 
Pp 


n 
Xyorees nay § VER Is 


@perees 8, & PItR 


> (XK, ®...@ Hn) (84 (hag? Aer 8 map? 


° * . ° . nA a4 
A Riemannian metric ts a@ symmetric, F(R )-biltnear, 


non-degenerate map 
Oo VR DH U(R PS F(R”). 


It sets up an isomorphism between V(R") and its dual space, 
BaGe e! (pe and this tsomorphism extends to an isomorphism 
between 

ite and T”, 
This ts what Rieet and Levi-Civita call the reciprocal 


operation. 
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Consider the tensor E defined by (3.5). In DGCV and 


Vol. IV I have defined and used the volume element differ- 


enttal form assoctated to the Riemannian metric 9. (There 


are no problems with ortentation of the mantfold, since we 
always work with Rk”. whteh comes with its natural Cartesian 
coordinate system (Ges xw")), It ts defined to be that 
n-form which has inner product +1 wtth itself (with respect 


to the natural metrie on differenttal forms defined by ) 


and whtch ts positively oriented with respect to the 
Cartestan coordinate system ee x”) for ee BNE 5 Gap 


ts the Rtemannian metric, 
= I n 
o= Vg dx A...A dx 


ts the explicit formula for the volume element differential 


form, where: 


In any other coordinate system fa), 


Ss 
i] 


th yd 
hy dy aya 
we have: 
= il n 
O22 Vii CO RenoW Ede 


where the sign +1 ts chosen tf Cr y”) is positively 


oriented with respect to the original coordinate system 
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o 
(ee, x”) (t.e. f the Jacobian determinant det(2#,), is 
ox 
positive) and -1 ts chosen otherwise. Thus, we see that 


the tensor E defined in the text ts essentially defined to 
be the tensor such that, tn every coordinate system 
(Gomes y™) for R”, the volume element differential form 
o for the given Riemannian metric ts given by the following 
formula: 
Q = : ae dy Naoails Gy 

H n 
The mixed tensors whitch are m-contravartant, p-covartant 


can now readily be defined as the elements of 


T: See 
p 


4. APPLICATIONS TO VECTOR ANALYSIS 


Remark: The material in this section does not seem closely 
related to the rest of the paper, nor of great current 
interest, hence I have omitted it. 


5. COVARIANT DERIVATIVES AND RIEMANNIAN METRICS. GENERAL- 
IZATION OF THE RULES OF ORDINARY DIFFERENTIAL CALCULUS 
COVARIANT DERIVATIVE OF COVARIANT TENSORS 


Let 
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be the fundamental metric tensor. Set: 


2 : ag. ag ag. 
21 tk k 
{icf = 8? (“Be aac =; oS) 
ox ox ox 


A are called the Christoffel symbols. 


Remark: Riecet and Levt-Civita seem to take for granted 
that the reader knew what the Christoffel symbols were. 
In these notations, I have more closely followed Eisenhart 
[1], exeept that I do not define all the possible Chris- 
toffel symbols. 

Christoffel has been the first to remark [1869] that, 


138 


is an m-covariant tensor, the following system of order 


si se al 
’ aX; 


(5.2) 


ee os: 
Wee) lt ydigesd, 


is also a covariant (m+1)-tensor. We call the operation 
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i }) the tensor 


which assigns to a given tensor (Xx; 
i 


(xs F 5 ) the covariant derivative with respect to 
taooddbo sg a See en nn el 
1 m m+1 
the metric ». We say that (X. : : ji as themeursit 
SEED EEE i are eer 3 —— 
a m m+] 


Ve 


As limiting case, for m = 0 we see that the first 


derived tensor of (X. : 
eee ij---i, 


derived tensor of a scalar tensor X consists of the de- 
rivatives of this function, which is independent of the 


metric. Set: 
eo (550) 
i 


Similiarly, one finds the following formula for the covari- 
ant derivative of a 1-tensor; 
ox. 
2 1 aks : 
XK. = = Hey Xy (S345) 


and for a 2-tensor: 


x, nels: {i} x (5.5) 
718] f)58 aX, ik bj jk i2* ; 
For 
xeaes 
1) 
we have the following identities: 
8ij,k = % 
which tell us that: 


The covariant derivative of the coefficients of the 


metric » is identically zero. 
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Applying the formula (5.2) to the covariant tensor E 
defined in Section 3, one verifies that: 

The covariant derivative of the tensor E 
is identically‘zero. 

If a symbol with m indices represents a covariant 
tensor, it will be understood that the same letter, with 
another covariant index, after a comma, represents its co- 
variant derivative (with respect to the given Riemannian 
metric). ‘ 

sn 

Of course, apply, the covariant derivative p-times, one 
may associate to an m-tensor one of order (m+p), called 
the p-th derived system. 


For example, starting with a scalar X, one may define 


the covariant derivatives 


intepan le, 1) uemmpteamleke 
OieeWes LUNG tTOTeeA. 
From the well-known properties of the Christoffel 
symbols and formula (5.4) one deduces that: 
A 1-covariant tensor results from the 
derivatives of a scalar if and only if 
its covariant derivative is a symmetric 
tensor. 
Using (5.2), we see that the derivatives of a covariant 


tensor with respect to an arbitrary coordinate system are 
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linear functions of the tensor itself and its covariant 
derivatives. One may therefore replace, in many calcu- 
lations, the ordinary derivatives by the covariant de- 


rivatives. 


Remark: This prinetple turned out to be extremely tmportant 
for phystes. After deriving a system of dtfferenttal equa- 
tions which expresses a physteal law in a Cartestan coordi- 
nate system, one may often simply substitute covartant de- 
rtvatives for the ordinary ones to write the same law in 
arbitrary coordinate systems or tn an arbitrary Riemannian 
metric. For example, with n = 3, » = sue Gor 
Euclidean geometry, Potsson's equatton (a typical parttal 


differential equation of mathematical physics) is: 


or 


This ts tmportant practically where one wants to compute 


the Laplactan operator 


i aa ag in general 


3 
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coordinates, e.g. polar or cylindrical coordinates. Maxwell's 
electromagnette equations are another important example. 


Here, n= 4, They read: 


en eee 
ger gee) 
ee 

Bee ue 


Here 7 ts the electromagnetic field tensor, (A) ts the 


electromagnetic potential, (J) ts the current. Now, when 


the metrte tensor (95? defines the Lorentz metrte on Re 


the Maxwell equations in their eclassteal form are obtained. 
When one substitutes for this a general Rtemannian metric 
(@.g. one whitch, physteally, defines the gravitational 
field) one obtains a set of equattons which are called 
(when one adds to them the Hinstetn equattons for the 
metrte) the Maxwell-Einsteitn equations. They are very 
important tn Cosmology and Astrophsics. 

In Mathematics, one has the advantage (in working with 
covariant instead of ordinary derivatives) of dealing with 
systems of differential equations in a form which has a 
uniform and simple transformation law under change of co- 
ordinates. 

We will see later that it is precisely the tensorial 
form of the transformation law for covariant derivatives 


that is responsible for the invariant nature of the formulas 
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and equations that are developed using Tensor Analysis: 
Covariant derivative of contravariant 


tensors and contravariant derivatives. 


Suppose given a contravariant tensor 
i,---4, 
Its covariant derivative will be defined as a mixed tensor: 
le Goer 

i in 


x3 
»J i 


m-times contravariant, 1-time covariant. As definition, 
: : pearance as F . 

ce Deak 1 m . Bae in fe 

J ax 13 


1) 
The contravariant derivative is then defined by raising the 
covariant index to a contravariant one, via the metric 
tensor: 
i,---i 


J 


4 : j 
m, m+l _ g m+1) X 
One may treat this operation in a way which is analogous to 


the previous treatment of covariant derivative. 


Remark: Stnee Rteet and Levi-Civita do not deal with mixed 
tensors, they do not define the eovariant derivative of a 


contravartant tensor. I have added it because it is now 
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such a standard idea. 

One may say, in general, that there exists a law of 
"reciprocity" or "duality" which enables one to derive 
from each theorem or formula of Tensor Analysis a recip- 
rocal theorem or formula by interchanging the words co- 
variant and contravariant, and using the metric tensor to 


raise or lower indices. 


Calculational rules 
The well-known rules for ordinary differentiation of 
sums and products of functions generalize to covariant 


differentiation of sums and products of tensors. Suppose 


eats: 
ve 2 =e eZ. A 
ij---iis Ayeesdy iy---h, 
Ye wee =X. Live A, 
iy Tn pesdp Ayeeed, 44 “Jp 
Then, 
Vis : = X. P +7. : 5 
dyes et i,++-i.4 dyeeed pet 
vl, = 


: —— Ae 3A ey he : 
ipeeedgiy e+ -Ipel i,---i,,i “5,---J, 


+ X. F Thy : : 
dyeeedy Jy -oJpet 


Analogous rules hold for contravariant or mixed tensors, 


or for sums and products of an arbitrary number of tensors. 
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Consider a contracted tensor: 


jy-+-d 

Y. oes = nee e 

ij---i, pitetpase dp 

Then, 
j Jj 

¥: = aa é z BP 

ij---ipet yee iqes ipo 

jqeesJ 
ae a Zz P 
i,---L Jl: Jp ; 


Yea. 
one has: 
i i, 
Me a EO Ee I oy ae 
j as ere, 
Forsassunctron £0£ ee ae consider the scalar 
al fea 
A,f =f £5 
One has: 
i it 
G. coe eee RA eg ember 
is i i 1,j 
eee 


Remark: This matertal has undergone extensive generali- 
zatton, abstractton and algebrazation since 1900, both by 
the elasstcal Tensor Analysis school (see Schouten [1]) and 
the modern geometers who base differential calculus on 


mantfold theory. 
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From the Tensor Analysis viewpoint, tn order to free 
the notton of "covariant derivative" from tte dependence 
on the choice of metric, one defines an affine connection 
to be a generalization of a tensor, namely as a system of 


funetions asstgned to each coordinate system, labelled as 


Fa 

dkJ? 

whteh have the same transformation law under change of 
vartables as do the Christoffel symbols derived from a 
metrte tensor. 

In modern differential geometry, an affine connection, 
typically denoted by V, (X, Y) +Vy¥, ts an R-bilinear 
mapping 

v(R") x v(R”) + V(R"), 


such that: 


Vy (FY) = K(fIY + fy! 


for f € F(R"); x, ¥ € V«R"). 


To see the relation between the two definitions, suppose 
first that we are given such a VY. For an arbttrary coordi- 
nate system (2*) of R”, let ah be the system of functtone 


such that: 
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One readily verifies that the system of funettions 


Lan} 


defined in this way transforms under change of coordinates 
precisely in the way required by tensor analysis. 
The oa are called the components of the connection. 


Given a@ Riemannian metrte 
op: V(R") x vir") + F(R”), 


there is a untque affine connection - called the Levi-Ctivita 


eonnectton - such that: 


X(o(Y, Z)) = o(VyY, Z) + o(Y, VS) 


for X, Y¥, 2 € v(R™). 
ngen  aemne ee oA) 
for i, FY 2 Vik 


where [X, Y] ts the Jacobi bracket of the two vector fields. 
(See DGCV). It turns out that the components a of this 
eonnectton are the Christoffel symbols, i.e. are defined in 


terms of the metric tensor by formula (5.1). 
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6. RIEMANN CURVATURE TENSOR. SECOND COVARIANT DERIVATIVES 


Let 


g = gj jdx*dx? 


be the given Riemannian metric. Let 


Li) 


be the Christoffel symbols, given by formula (5.1) in terms 


of the metric tensor 
(855)> 


Set: 


(ay te} - i) a. | 


Reigk * Sem ijk: oe) 
The (Ri 54) form a mixed tensor, called the Riemann curvature 
tensor, which is of great importance in the theory of 
Riemannian metrics. It may be found, up to a factor, in 
Commentatio Mathematica by Riemann (See his Collected Works, 
io Bis Its fundamental properties were worked out by 
Ghigls toned, 


The number of independent components of the covariant 
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Riemann curvature tensor (i.e. (6.2)) is 


Bia 
N= 2 (n“-1) 
aly 
Id) JOBUPESLCWUlee,, stele il = 5 
N= 1. 


The only component is 
ivan 
ONG Who eee ILC) 


NOZNE? 
g 


that we call K, which is the well-known Gaussian curvature 


function for surfaces. 


Let X; i be an arbitrary covariant tensor. Con- 
reel 
sider the second covariant derivatives X; i,i,i’ One 
i oe m? > 
can prove the following identities: 
a ey ee ee ef 
i Sa milee oJ ea mod & 
(one) 
ak pk 


Br ce eee 
Pe il Go 6G 
They show that X; is not, in general, equal to 


Xe 5 Meee 
iy---i,jsi 
Remark. Identity (6.8) ts now ealled the Ricet identity. 


I shall sketch in the Remarks how it can be proved. 
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If the Riemannian metric » is flat, i.e. if the coordi- 


nate system (x?) can be chosen so that 
o = coe ae. 
then the Riemann curvature tensor is identically zero, 
hence the left hand side of (6.3) is zero, i.e. covariant 
derivatives commute, in the same way as ordinary derivatives. 
Here is one consequence: 
If the Riemann curvature tensor vanishes, then an 


(m+1)-tensor 


is the covariant derivative of an m-tensor if and only if 


X; G - = X 
lett timed 


Pie ed 
Remark: To emphasize the geometric meaning of these ideas, 
one should note a fundamental property of tensors: 

If the components of a given tensor all 


vanish tn one coordinate system, then 


they vanish tn all coordinate systems. 


Of course, this is a trivial consequence of the postulated 
linear, homogeneous way that tensors transform. For 
example, note that affine eonnecttons oa Go not behave 


in this way - thetr components may vanish in one coordinate 
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system, but not in another. However, the eurvature tensor, 
whteh is formed via formula (6.1) from the Christoffel 
symbols, ts a tensor. 

Here ts the way that the Riect tdenttty (6.3) ts 
proved in the modern algebrate way. Recall (see the Re- 


marks of Sectton 5) that an affine connectton ts a map 
(Se VO) Se VyY 
from pairs of vector ftelds to vector fields, which is 


R-bilinear, and such that: 


Vy (£Y¥) = X(£)Y + £VyY (6.4) 


VexY = £V,¥ (ones) 


Gor £ CPR ky evh) 
Now, (6,4) ts the "obstacle" to V being of "tensorial" 
nature. We ean get rid of the "non-tensorial" term X(f)Y 
by tterating covariant derivatives. Here ts the technique 
for doing thts: 

BO” eke Yn) 92 16 Vig), set: 

RG) ia) = Vy (Vy2) - Vy(VyZ) - Vie Ace 

Now, vertfy that the map 


(aa lg ea) hee tee) 


of Vik Deh) x VCR leaped 
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ie F(R")-multilinear. (Notice again that V itself ia not; 
the first term on the right hand side of (6.4) ie the 
obstacle. The magie is that this term ie eliminated by the 
speetfie form taken by the right hand side of (6.6)). As 
explatned in DCGCV (see also Hicks [1], Btshop-Goldberg [1] 
for thts approach) this "module linearity" te the algebraic 
equivalent of the "tensortal" transformation property intro- 
duced by Ricci and Levi-Civita. 

Given R defined by (6.6), define the "tensor" ie, 


by the following rule: 


3 3 a t 3 
Fea) (2 ae eee (6.7) 
Be oe’ ant oe” 


What we must now vertfy ts that, wtth VY satisfying 
(6.4), (6.5), and being the "Levt-Civita" affine connection 
assoctated with the metric, as explained in Section 5, and 
with R( , )( ) defined by (6.6), ge by (6.7), the ae 
are given by the Rtemann-Christoffel formula (6.1). 

Completing this calculation (which is Left to the 
reader) will verify the Riect identity (6.38) in case X is 
a_i-contravariant tensor field. In faet, notize that what 
we have done is use a typical trick of modern mathematics, 
namely take a property of something that was discovered 
by the old-fashioned, caleulational, way, and, turning it 
upside down, make it into a definition. In the case of 


the Ricci identity, what we have done is to "axtomatise", 
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in this way only a spectal case. We must show that the 
proof in the general case follows from the special case 
and the properties of the covariant derivative operation. 

I have atready explained, in these Remarks, how 
general tensors are defined in terms of the algebra of 
tensor products of modules. Now I want to diseuse an 
alternate useful way of defining them. 

Recall that a vector fteld X € V(R") is a derivation 
map: F(R") + F(R"). It can be written, in local eoordinates 


(ems 


Fi (R") its defined as the dual module to V(R"), i.e. each 


8 € F(R”) is an F(R")-linear map 
V(R") -» PCR”), 


In coordinates (x), the components of © are the funetions 
8. defined by: 


(25) Pa) 
ox 


This assignment 6 + (65) identifies F(R”) with the i1-co- 
vartant tensors. 


Constder now an m-multilinear map 


wo: VCR") x... V(R™) + F(R"). (6.8) 
ie) ae 


m-times 
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Asstgn to such a map an m-covartant teneor, wthth 40¢f fhe 


etents 


oO. ‘ 
Si it PAOD 
eee?) 


in coordinates (2°), by the following rule: 


2 
2 a 
9 (— ear me > *s 
pe 5 a Z P 
: ar 45559 > 
totes on 


one readily verifies that thts geatgnment 


o> (w., iy) 

Be one 

vi m 
Baie ae Bs 4 iii “ 
EOE es STO RL eek ioe, come: mes Gr Ee 
CMM TEEE 2. Z ; 

panei Bs — . “ “ “ - ‘ e a 

OLN ERAN A RDILEE CS AGARIRES Ee AGC Bi, Migs Bey ser “os 


eucn “alti linerr mupeard the nanne Cera 3 é4eone 


Given an « indicated by (6.8), and an affine eonnestton 


(X, ¥) + 9,¥, one may now define the covartgnt Aertyattve 


x 


CY ~ ay 4 we anesiner meek EL orecy ia, Cineks wm hae. 
formuta: 
Vy lee Loses > 42 
cS K(OK a ye00s Ep? = WT k as Kaosecees kd 
a NO Re ae Oa | 
Tt Gameenou- “apet., « eel) Merge tf, a Dae Me 


V ig not F(R")-bilinear) that the map 
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Hoek VCR 9? so meRe 


(m+1)-ttmes 


ts F(R")-multilinear, t.e. defines an (m+1)-covariant 
tensor fteld. This tensor fteld, when written in terms of 
a coordinate system, ts the covariant derivative as defined 
by Rieet and Levi-Civita, t.e. 


(6.10) 


ox 
The full Rieet identity, (6.3), now follows from (6.1), 
(6.7), and (6.6). One can also readily extend the Riect 
tdenttty to mixed tensors, using this method. Identtfy an 
m-covartant, p-contravartant tensor with an F(R”) -multti- 


linear map 


TCR). xen ax UR) Sure exe eR”) eee 
ee 


m-times p-ttimes 


and define the covariant derivative 


V(t) 


by a formula analogous to (6.6). 


7. THE INVARIANT NATURE OF THE EQUATIONS OF TENSOR 
ANALYSIS 


The equations which define the transformation law of 
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tensors tell us that the property of all the components of 
a tensor equalling zero is independent of the choice of 
variables Ce. x"), -It is this property that is meant 


when one says that a system of equations 


has an invariant or absolute nature. 

When one meets a new problem, to put the equations in 
invariant form it suffices to express its main features in 
terms of general coordinates, and then to substitute co- 
variant differentiation for ordinary differentiation, ina 
way that is almost always evident by the nature of the 
problem. As we shall see in various applications, this path 
should be followed when dealing with general theories and 
when attempting a systematic development of such theories. 

Here is a more practical general problem. One has 
derived a system of equations (E) associated to a problen, 
expressed in terms of variables y. One wants to transform 
the equations using general coordinates without repeating 
the steps which led to the derivation of the equations (E). 
In order to do this it suffices to determine a tensor X 
such that, in‘the y-variables, the components of X coincide - 
perhaps only up to a common factor - with the terms of the 
equations (E). It is then evident that, to have the equiva- 


lent of equations (E) in coordinates (x), it suffices to 
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equate to tero the compenerts ef tenser 1 &R Che cee 
nates x. 

Certainly, this method will not succeed in all cases, 
but it often works in a quick and easy way. As we shall 
see, this is DartPeabafly se fer the equdtions GF Bat he- 
matical physics. In fact, we are astonished to see the 


difficult and @ereteus remtt= CHE WePomnOPhET ay aeee te 


arrive at the same goal. 


Remark: This has indeed turned out to be a prophetic 
statement! The method they describe here has served not 
only to write known equations in elegant form but to derive 
new equations. The most prominent example of this is the 
Einstein gravitational equations. Today, thts approach is 
most alive in the field of Continuum Mechanics. 

It would be interesting to formalize this argument 
more precisely, using the better philosophical and meta- 
mathematicai tools that we have now. The ideas of tite 
theory of "categories" and "functors" should play some 
role here, For example, "physical theories" should be 
some sort of "eategory". "Equations" should be another 


category. The assignment 


"physteal theories" + "equations" 


Showid be a "“Sewreyver". Tee wgatinaame See eees (4 NGO 
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teneor anulyate tchould be ao "aubeategory". 1 hase found 


tt even more ueeful (e.g. tn the other booke in thie sertes) 


to enpresc these, tn Cartan's way, in Lerman of veobor fanebges 


/ 
and differential fonma, Vf @owriae, in pirinatple bwin vin 
special case of Riect and Levi-Civita's method, but in 


practice the two are more dtatinct. 


Chapter II 
INTRINSIC GEOMETRY AS A CALCULATIONAL TOOL 


1. GENERALITIES ON ORTHOGONAL CONGRUENCES 


As basic references for this material, see Ricci 
[1895] and [1896]. 

In this chapter we make use of geometric language, 
with a Riemannian metric tensor » defining the basic 


Nocometry .'* 


Let (Gea be a l-contravariant tensor, which is non- 


zero at each point. 


Consider the differential equations: 


- a (1.1) 


: é nn 
ihesesequations define in Ry a Conemuence lot ycunves . 


Remark: From now on, I will use the term vector field or 


eontravartant vector as an alternate to 1-contravartant 


tensor. I wilt also use the terms i-differential form or 


covartant vector fteld as synonyms for "1-covartant tensor 


faelas. 
Notice that the transformation properties of contra- 
variant vectors are precisely those which guarantee that 
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equations (1.1) be invariant in nature, i.e. independent 


of coordinates. 


Remark: Here is what thts means more explicitly. Suppose 
(x) te one coordinate system for R”,. Conetder a eurve in 


re parameterized tn these coordinates by functions 
to x? (t). 
To say that this curve satisfies (1.1) ts to say that: 
ax! Pr(x(t)) = ax" 2 6 (¢)) aie (lar) 
Now, choose different coordinates (Io). The same curve 
will have coordinates 
t > y(t). 
The veetor field wtll have components 
ta") 
tn these coordinates, which of course are related to me 


vita the contravariant transformation law: 


i sy 2 
ish oe ode 
aad 


Then, equattons (1.2) will be satisfied if and only if: 


1 2 
W yalcy(t)) = Lye? (y(t) = 


Of course, a more formal and elegant way of deducing this 
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"itnvartanee", without any ecaleulatton, tis to nottece that 
both 


t ao 
dx” and i 


change contravartantly, henee that their quotient 


da” 
=— (not summed) 
t 
nN 
ts "invariant." This ts the method indicated by Rtcet and 


Levt-Ctivtta in the text. 
Since the equations (1.1) do not change when the vector 
field \} is multiplied by a common factor, we suppose this 


factor to be chosen so that: 


gir = 1 = d*),. (33 


We will say that the vector field ot) is the contra- 
variant vector coordinate of HN COMME Che Ebinyos 
represented by the equations (1.1), and that its reciprocal 
differential form (A; ) is its covariant vector coordinate. 

Denote by ds the element of arc-length of a curve of 
the congruence, i.e. the positive value of Vp. From (1.1) 
and (1.3) we see that ds is the absolute value of the 


ratios which appear in (1.1). We see that: 


dx? i 
= +r 4 
ast 7 tA Oe{s)) a.4 


68 INTRINSIC GEOMETRY 


If one takes the positive sign in (1.4} as we shall do from 
now on, this determines at each point of R" a direction 
pointing tangent to the congruence, that we call the posi- 


tive direction. 


If the metric » is Euclidean, and if (x4) are orthog- 
onal Cartesian coordinates, the Ne (which coincide with As) 
are just the cosines of the angles that the curves of the 
conguence make with the coordinate axes. 

By definition (due to Beltrami), the angle a between 
time tangent directions dxt and 6xt leaving from the same 
point P of R” is given (in terms of the metyr1e oO) by ehe 
following formula: 


g,.dx*6x! 
cos a = 5 (ls 3) 


A ail F A 
14,J 1.J 
(g3 50x; daca) (2556 spe )) 
If one is given by two congruences, defined by contra- 


variant vector fields 
(x) and (u4), 


and if a denotes the angle between the curves of the con- 
gruence leaving from the same point P of R™, (1.3)-(1.5) 
imply that: 

sats clon) 


8i;* (Loa Gl 4G) 


The condition of orthogonality between the two con- 
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gruences is then: 
nt 
» ee 0. (Gita7)) 


Now, we must consider n separate congruences, defined 


by n unit-length contravariant vector fields 
i Hl 
Rigo ba Geese Lindl’ 


Suppose them pairwise orthogonal. Then, the following con- 


ditions are satisfied: 
Palg S ele 6°, (1.8) 
where 6,7 is the Kronecker symbol, zero if j # k, equal to 


1 if j =k. 


Remark: Here ts where tensor analysts notations begin to 
be awkward and ineonvenient, leading to "un debauch d'indices," 
that Cartan complained about in his book "Géométrie des éspaces 
de Rtemann." Here, the j, k indtces are not tensorial in 


nature, but simple "counting" indices. Rtcet and Levi-Civita 


handle this by denoting 


A, EK] as E/E" 
I find this awkward, hence have substituted the one indt- 
cated. In the final Remarks to this sectton I will indi- 
cate how these notations are enormously simplified in 


modern differential geometry. 
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We call each set of n congruences with the properties 
just described on orthonormal moving frame. We denote by 
[1], [2],..., [mn] the congruences which make up the moving 
frame; by 1, 2,..., n the curves of the congruences passing 


HE n 


through a given point of R"; and bs? Se oepon Se wks Bute 


length parameter along these curves. 


Remark: The term used in the text ts ennuple orthogonale. 
I have substituted the term ("répére mobile") used by 


Cartan in hts exposttton of Rtemanntan geometry. 


Expansion of a Tensor Field in Terms 
of an Orthonormal Moving Frame 


Let XxX, be a covariant tensor field, and let 


veerin 
thee 
alg 

be an orthonormal moving frame. One can then write: 


Ge - = 


Ge 4 hh j Ret a bey j “ . 
dye ed, Sy ose i, Vil 2 Li,,] (1.9) 


m 
Remark: It ts meant that the summation convent*on appltes 
to Jyocees Im 


The coefficient functions C are determined by the 


following formulas: 
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a An 
Gy. Gc = dG ce IN j eirensia: j . 
ej = Mea 14 lin], (1-10) 
which tell us that they are invariants. One can extend 
them easily to describe contravariant or mixed tensors. 


In particular, if one considers the metric tensor 


Biz? one has: 
n 
Pacis he (kK) Re Le P 
bij ron jk}, (k] (13d) 
a4 n j 4 
a a Se (1.12) 
el 


Remark: WNottce that the summatton eonvention breaks down 
at this point, and we are forced to use summation signs! 


The determinants 
det (0, [5}) 
det (07[j]) 


are then equal, respectively, to Vg and vg", 
Returning to equations (1.9) and (1.10), we see that 


each system of tensorial equations: 
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i.e. each tensorial system of equations may be transformed 
in such a way that its left hand side is composed of in- 
variants. We shall often make advantageous use of this 


transformation. 


Remark: It ts eonfustng to understand exactly what is 

meant here, so I wtll try to explain further. Recall that 
by an "invariant" they mean quantities which remain the 

same when the coordinate system ts changed. The m-covartant 
tensor fields form an F(R") -~module Th, Each tensor field 

X, 4 determines an element of T,7 Wows, an orthogonal 
moving (oneal onee fixed, determines a basts for iiea (via 
tensor-product of modules, as we shall explain in the final 
Remarks to thts section), which is tndependent of the chotze 
of coordinates, and the C, are the coefftetents of 

m 


the expanston of the tensor fteld in terms of this moving 


greet 


frame basis for Th So, the coeffictents do not involve 
chotce of the coordinates (ees t.e. they are "tnvariants." 
This trick ts that tnvolved in the "Sehrodinger-Hetsenberg 
pteture," whteh ts familiar to physicists from quantum 
mechanics. 


Let us remark also that, since 


dx! _ ae 
ee (Lh 
dsJ 
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ie 35 GUS) El Geibpe(eleateyel (he ae me we have: 


Ge ay (£«(s))) (1.14) 
2 S 


Gian lee rsice. eG). Tie 


Remark: Here is what is meant. Suppose e > x? (s) are the 
coordinates of a curve, parameterized by the are-length of 
the Rtemannian metrie » = de’, which betongs to one of the 
congruences - say the j-th -~ whitch make up the moving frame. 
Then, (1.13) are the ordinary differential equattons which 
the coordinates of the curve must satisfy. Equation (1.14) 


evaluates the direction derivative 


zt flals)) 


of any funetton f along thts curve. 


birsteoreer Properties of the Metric 


The metric properties of the lines 1, 2,..., n - which 
are related to what one ordinarily calls the curvature of 
space curves - are described by the derivatives of the 
x, 05]. These derivatives are not all independent; they 
should satisfy the n“(n+1)/2 equations obtained by differ- 
entiating the relations (1.11). 


Sec: 
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veg = Ue Lel ay 415], eee) 
and apply the covariant derivative. We find first the 


n’? (n+1)/2 equations mentioned above, in the following form: 

i i a 

mn [k]\; sh] + Ch], 5 Ck) = 0, (es)) 
and one sees readily that they may be replaced by: 

j ee 

ke * THe 0, (1.17) 
which includes as special case 

Yi, = 0 (1.18) 
(no summation). 


The number of the independent invariants among the Yee is 


then equal to 


Ge) 
a 


Since this number is equal to 
5 n“(n+1) 
a ie 
with n@ the number of derivatives of 4,05] and n@(n+1)/2 
the number of relations among these derivatives, one may 


express the 


IN {k] 


i,j 


in terms of the r5035] and the invariants y. Using the 
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equations (1.15), we obtain these expressions in the follow- 
ing form: 


h 
vk oO] = 2 vis lS]¥, [31 (1.19) 


In order to study the metric properties of the lines 

1, 2,..., n, it then suffices to consider the invariants 
4k: In fact, the relation linking the metric properties 
to the invariants are very direct and simple. We will not 
at the moment examine in detail the geometric or kinematic 
Significance of each of the y; we have said enough for the 
applications which follow. Let us add that, because of 
their kinematical meaning, the invariants y will be called 


the rotational coefficients of the moving frame 


[1], [2],..., [n]. 


Remarks: Despite thetr final claim of "directness and 
simplicity," in fact we would now say that thetr formalism 
ts awkward for the analytie desertptton of this material, 
and that Cartan's (which will now be explatned) tse much 
simpler. However, the underlying geometric tdeas are the 
same - choose objects (orthogonal congruences in Rtect and 
Levt-Civita's framework, bases of differential forms in 


Cartan's) which are "naturally" adapted to the Riemannian 


metrte. 
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Begin with a modern definition of "congruence." Con- 
sider V(R"), the vector fields on R” (or 1-contravartant 


tensors). Recall that they are defined as the space of 


derivations or first order linear homogeneous differential 


operators: F(R") + F(R"). V(R") is an F(R”)-module. 
eu Clg the space of 1-differential forms (or 1-covartant 
tensor fields) ts the dual module to VER): 

An element f € F(R") is said to be invertible if: 


fo eo F(R”), (1.20) 


(ORMCOURSIC I EILEMCONGUt oLOn HOT m(Gl 2100) =atrc mata Gutman cy) 0 menos 
@il @ © Rr). Define an equivalence relatton on V(R") as 


follows: 


X~ Y tiff. there exists an 
inverttble f € F(R”) such 


that X = fY. 


Definition. A congruence ts an equtvalence elass of veetor 
ftelds. A veetor field X ts said to belong to the con- 
gruence tf tt belongs to the equivalence elass. (Thus, 
algebraically a "eongruence" is an element if the "pro- 
jective space" associated with the F(R")-module V(R")). 

To desertbe what Ricet and Levt-Civita mean by the 


curves of the congruence, let us recall the baste notion 
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of integral curve of a vector field. (See DGCV). In order 
to avotd confusion with the letter "x" standing for coordi- 
nate, I will denote a point of R” (in the geometric sense) 

by P. (The authors use this device also). t or s usually 

denote curve parameters, varying over some interval of 


real numbers. 


Definition. Given X € v(R"), a eurve 
t > P(t) 
in R” ts an integral curve of X tf the following conditions 
are satisfted: 
ge f(P(t)) = Xf) (P(t)) (1.21) 
for all t, all f € F(R"). 


nus eet (x*) are coordinates for Bee Thig 


i.e. (r") ts the 1-contravariant tensor, and if 
t + 2° (t)(s 2° (P(t))) are the coordinates of the curve, 


then conditions (2.1) are equivalent to: 


de® _ Miter) (1.22) 
ae = x . ° 


Notice that these differential equations ~ when freed of 


the dependence on the parameter t, are precisely equations 
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re 

(1,1), which define what Rieet and Levti-Ctivita mean by 

"ourve of the congruence." Let us formalize this tn the 


following way. 


Definition: Suppose gtven a congruence on R", as formal- 
tzed in the previous Definitton. A curve t + P(t) ts then 
satd to be a eurve belonging to the congruence if there is 
a veetor fteld X belonging to the congruence such that the 
curve ts an integral curve of X. 

Another way of doting this its to say that a congruence 
ts a _l-dimenstonal foltattion. 

So far, the Riemanntan metrie » has not been used. 
Recall that » is a postttve-definite, symmetric, BCR’ j= 


bilinear map 
Vik) k VCR) > Eee 


A eongruence ts satd to be regular if there ts a vector 
fteld X belonging to the congruence such that: 

p(X, X) > 0 

Cie LIL Gene Obap Re 
(Congruenees well assumed to be regular, unless mentioned 


otherwise.) One may then normalize X, multiplying if 


necessary by a scalar factor, so that 


p(X, X) = 1, (Gieyzi2y) 
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(Condition (1.22) ts equivalent to (1.8)). xX te then 
determined up to +1. Fixing the "ortentattion" or "direc- 
tton" of integral curves then uniquely determines X. 

The integral curves of a vector field X satisfying 
(1.22) are automatically in are-length parameterization 
with respect to the metrie 9. The authors' convention ts 
that "s" ts to be used as parameter for such curves. (This 
ts the meantng of (1.4)). 


Two congruence are orthogonal tf 
Ok, WF) = @ 
for X in the first congruence, Y in the second. Geometrt- 
cally, thts means that curves of the two congruences always 


meet at right angles. 


A moving frame ts a set 


of vector ftelds whteh form an F(R" )-basis of V(R"). We 


ean now denote a moving frame by 
(Xi). 


Here "i" ts a counting index. We shall see that there ts 
a good reason for putting it below, i.e. treating it as a 
"eovartant" index. Wow, thts counting tndex has a dtffer- 


ent geometric nature from the tndices (which range over 
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the same values, t.e. 1 to n) which parameterize the com- 
ponents of tensors with respect to coordinate systems on 
R". This fact ts what forees Ricet and Levi-Civita to 
vartous notattonal econtorttions. 

For example, suppose (2") ts a coordinate system for 
R". They denote the 1-contravariant tensor components of 


x; in thts coordinate system by 


6d? 
os 


Thus, we have: 


en ee (1ese 


Apparently, Ritcet and Levi-Civita were nervous about tntro- 
ducing "mixed" tensors, so they dtd not use the more 


natural notatton 


9 
es 
So far, this ts not too bad. However, let 


é 
w 


be the reetprocal 1-covartant tensors (i.e. 1-differential 
forms) with respect to the metrie ». They form a basis 

1 ge “ Dee th 
for F (R"), Rteet and Levi-Civita would denote them as 


follows: 


da! (1.24) 
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Here the slash / signifies somehow that it and j have a 
different geometric stgnificance, which is true enough. 
However, the slash / ts sometimes (admittedly, rather 
rarely) used as notation for covariant derivative. At any 
rate, tt ts too close for comfort to the covariant dertiva- 
tive notatton. That ts why I changed the notatton in my 


translatton to 
all Bila 
He 
To be eonststent, I also changed 


mele to d, [4]. 
Thts will require that the reader be careful when reading 
the translation - but this its unfortunately in the nature 
of things, stnee tt ts tinked to the notattonal limitations 
of elassical tensor analysis. 

However, Cartan (notably in hts book "Géométrie des 
éspaces de Riemann", but also in his other differential 
geometry work) brilliantly resolved these notational 
problems by saying: Forget about the coordinates, and use 
moving frames to describe the geometry, and tensors as 
well. This restores the "purity" of the index notatton 
for tensors. 


For example, suppose (X,) ts a baste for V(R"), and 
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(oo is the reciprocal basts for 1-forms. 
Warning. me is not the dual basis of differential forms, 


i.e. the 1-forms 9” such that 


t 


H] 
oa 


a(x.) 
d 
In facet, we have: 


GG) = 6 (eee 
Bi S| 


We see that wo = 0° eae 8(X 55 Mia) = Bonn Gas (X;) ts an 


d tJ 
orthonormal moving frame. 


An m-covartiant tensor T ean then be written as follows: 


whereas a contravartant one can be written ae: 


i = @ Xe. come. 
ob tL 
1 ™ 


Now, Cartan reasons, as long as one is expanding tensor 
analysts by allowing such "non-holonomic representations" 
(this ts the terminology that is sometimes used in the 
elassteal literature) why not choose them in the most con- 
venient way. In the case of Riemannian geometry, this 
conventent choice is where (X 5) forms a basis of V(R”) 
whteh is orthogonal with respect to the form 9, t.e. which 


satisfies: 
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OKs, 4) = by. (1.28) 


This ts ealled an orthonormal moving frame. Its geometric 


stgntficance tn terms of congruences should be clear. 


The rectprocal basts wo” of i-forms then satisfies the 


following relations: 


ee 2 yep (1.26) 
(* means the symmetric product of differential forms.) 
We shall now show that equation (1.26) ts equivalent 
to equatton (1.11). This provides a key link between the 
two formalisms. Suppose (x?) ts a coordinate system for 


n 


R Then, 


a, = r,[k]de*. (1.27) 


Now, the metric tensor (957? ts determined by: 
o = g, ide" eda’. (1.28) 
Substitute (1.27) into (1.26), and compare with (1.28): 
; : n : ° 
‘i j é 5 
g..dx *dx = 3 dX.[RK)+,[K]dx -dx. 
a =) 


Comparing coeffictents on both sides gives relation (1.11). 
In Cartan's theory the rotational coefficients y, 

defined by (1.15), take a much more direct and tmportant 

meaning. Let fa") be a basts for 1-forme satisfying (1.26). 


It can be proved (see DGCV) that there are a set 
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(on) 
d 
of 1-forms satisfying (and untquely determined by) the 


followtng conditions: 


Bet aie Na (hs Ae) 
OE SA ea (1.300 


Here, d and A are the exterior derivative and extertor 
product operation, whtch are basie in Cartan's theory and 
explatned in detail in all modern differential geometry 
books, e.g. DGCV. The a," are called the connectton forme, 
stnee the affine connection V assoctated to the Rtemanntan 
metrte (rence also the covartant derivative) is determined 


by the following relation: 
iz rae 
a (X) = w (VX a) (ier ceie) 
OTN CL Lanne Vik OS 


The votattonal coefftetents are now determined as follows: 


a ik . 
Oe = Yay @ (eazy) 


They are "invartants", in the sense that they are inde- 
pendent of coordinates, although they are of course de- 
pendent on the echotee of moving frame, - and in fact trans- 


form in a non-tensortal way on change of moving frame. 


However, the curvature forms 
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a t k t 
a = aa oe A @, (1.33) 
have the property that their coefficients Ray g's 
L @ ik £ 
ae = Rene a” IN ay, 


do change in a tensorial, t.e. linear-homogeneous, way 


on change of orthogonal moving frame. 


2. INTRINSIC DERIVATIVES AND THEIR RELATIONS 


We must establish the relations between 


d af a af 
——~- and —=- 3 
ae” as! as) ask 


because one may not commute the operations represented by 


the symbols 


3 3 
—- and =; 
ast as 


In fact, if one differentiates the identity (1.14), one 


has first: 


Q 
fe¥) 
Kh 


: k : 
Stee pet 


: 
: 


and then: 
= ee les = af 
as” as ax? asd 


SO epeede, , + VEe1E sy, 515). 
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We derive from this the following relations, which determine 


how =p and es commute: 
os 


as 

0. 6Oaf a of 1 i, of 
ee ae et 2 re RG) - (2.1) 
as) as ds" 3s sale Lo) ec 


Remarks: I have not gtven the full detatls of the argument 
given by the authors leading to (2.1), sinee tt ts much 
more readily derived by Cartan's methods. 

First, let us interpret what 


oye 


ast 


means. Recall that Core is an orthonormal moving frame. 


The curve 
s! + P(s4) 


ts the tntegral curve of Kae Since = has tength +1 tn 


the metric, s! is automatically the are-length parameter. 
Thus 
oT ce). (2.2) 
aed d 


Hence, the left hand side of (2.1) is: 
Att ED - DiRT ls (BoB) 


Now, tt ts well-known (see DGCV again) that (2.3) equals 
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[X,, Xi] (ips 


where [Xa xy] ts the Jacobt bracket of the two vector 
fields. Further, using the relations between Jacobi 


bracket and extertor derivative, 


t tL t 
dw (Xo x1) oe (X,)) - Xp (@ (X43) 


t 
w@ ([X 5 X,)) 
= 0 (Xs, od Be 

Hence, 
= - dw (X,, X,)x (2.4) 
- Bo de ee , 
Recall now, from the Remarks of Seetton 1, that: 

do” =a. A w! (Bae) 

ne eS (2.6) 


Relation (2.1) results from putting together these relattons. 


3. NORMAL AND GECDESIC CONGRUENCES. ISOTHERMAL FAMILIES 
OF SURFACES. CANONICAL SYSTEM OF A CONGRUENCE 
A congruence of curves in a Riemannian metric space is 
said to be normal if it is composed of the orthogonal tra- 


jectories to a one-parameter family of surfaces 
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ae x") = constant. 


Suppose given an orthogonal moving frame, composed of con 
gruences [1],..-, [n], we propose to determine the neces- 
sary and sufficient conditions that the congruence [n] is 
orthogonal. 

Clearly, for this to happen it is necessary and suf- 
ficient that each tangent direction 

5x? 

normal to a curve of [n] be tangent to the curve f(x) = 


Constant, 10e. what: 


as betome, lett salt be the components of the veetor farealid 
which makes up the j-th congruence. Since the congruences 


{[1],-.., [n] are orthogonal, the vectors 
[igs ee no) 

fill up the orthogonal space to xml. Hence, we must have: 
ES e60 
forge lows. elo. 


Tec x; be the vector fields which make up the moving frame, 


den 
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— felre 3 
XG =A [5] Soe 


Then, the condition that [n] be normal is that: 


X; (£) 0 


LOR = Myers Mol. 


The condition that such an f exists is that the first order 
differential operators represented by the differential 


operators Xpoeees X be completely integrable, i.e. that: 


n-1 


The Jacobi brackets 


j (Gen) 
Xi» , Xo-w ieee il S jy ke = wel 
Rewrite (2.1) as 
= 1 it 
eae XJ or (5K Yj )X;. (3.2) 
Compare (3.1) and (3.2). It implies the following 
a conditions: 
my n 
Yjk = Yj (3.3) 


rope Jk es aj, bs SS Gel. 
Let us sum up as follows: 


The necessary and sufficient conditions 


that the congruence [n] be normal is 
that (3.3) be satisfied. 
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The following condition also holds: 


Each congruence of the orthogonal moving 


frame is normal if and only if: 


ced = 0 for each triple (i, j, k) 


of indices which are all distinct. 


If conditions (3.3) are satisfied, then the x(n) are 


proportional to the derivatives f; ope th SAbNNEISICIN af, akoGi: 


there is a function uw such that: 


ie, = (WN = 
j WL jin. 
which also satisfies: 

ff a = sa 

faa ese 
Using formula (1.19), we have: 

n : 

fs ik =; by 5 [n] + YG 2 £,[i}f, [4]. (3.4) 
Sei, 

y = log yu. 
The function y satisfies the following equations: 


vp yln] + vyg™d; FAL] 


n : 
= br, ([n] NES abe Po 2 
After multiplying these equations by J fn] and summing on 


j, one obtains the following equation: 
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n-l 
vy, = vi, [In] + es ee. imi Gas 


with v remaining indeterminate. 


Isothermal Families of Surfaces 


ae 


A one-parameter family of surfaces aC ae #8 
Constant) in R" is said to be isothermal, and £ is said to 
be an isothermal parameter, if it satisfies the following 
equation: 

i 
gif. . = 0. (3.6) 
(We shall see later on that this equation is a generali- 
zation of the equation for harmonic functions in Euclidean 
Space). 
Now, any family of surfaces 
£(x) = constant 


determines the congruence of orthogonal trajectories, i.e. 
the curves which are perpendicular to the surfaces. Thus 
one can always find an orthonormal moving frame, whose 


rotational coefficients satisfy the following relations: 


es (3.7) 


Remark: Here is what te meant: Choose the basts 
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n ; peers 
(Xageees x? of V(R ) to be orthonormat with respect to 
the metric o, and so that: 


rad 


ee —s 


e(grad f, grad par’ 


where "grad f" is the gradient vector field associated with 
f, as defined by the metric ». (See DGCV for definition 


of "gradtent"). 


We now propose to establish the necessary and sufficient 
conditions that a family of surfaces be isothermal, and to 
determine its isothermal parameter. 

Substitute in (3.6) the expressions (3.4) for the 
Cover almt diciiwaltiageisi soit! es DVO ONDE CIN ic lmel ctu itcon sy iranian Carurity [oae et 


Jigioe CXeibusicruonely 


vie. S n 


Remark: Recall that ovarery (hls 
ed non n 
This determines the function vy of formula (3.5) as 


follows: 


yo z cat (3.8) 


The necessary and sufficient condition that a family of 


surfaces whose orthogonal trajectory congruence is [n] be 
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isothermal is that, after substituting the value of v given 
by (3.8) into the right hand side of (3.5), equation (3.5) 
be solvable for ~. After determining yw, f is determined 
by: 


= v 
f; Ce As [n], 


f = CfePa, [n]Jdxd Cr 


with C and c arbitrary constants. 


One sees easily that the integrability conditions that 


(3.5) be solvable for py are the following equations: 


j j 
x, Gy Rey et Pes: 
a n-1 a i Sh 
z Yon (Yin Ynj ) 0 
j lead 
Xi Orn’) 2 Yan Yjk 
ail : : (Bin dG) 
k 7 a 3 
‘ ea )+ Pat Ynn Ykj ’ 


Be the congruences [1},..., [m} are all normal, i.e. if 
the curves of the congruences are intersections of n 


orthogonal surfaces in Re these equations reduce to the 


following simpler form: 
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Ket eG ate! ae (3.11) 


Xr) ee Cee 


ore IS aj, kK = mel, 
Geodesic congruences. See Ricci [1896a] and [1898, Part 
if Chapter Vili 
A curve in R” is a geodesic of the metric given by 
the form » if the first variation of the integral 


fds = Tgigdeed te 


vanishes. We will say that a congruence [n] is a geodesic 


congruence if all the curves belonging to the congruence 


are geodesics. If [n] belongs to an orthonormal moving 
frame [1],..., [n], the conditions that it be geodesic are: 
sae 
ee ta OR (Gigi) 


Notice that this equation indicates geometrically that y's 
have an invariant character. In particular, if the metric 
is Euclidean, equations (3.13) give the intrinsic charac- 


terization of rectilinear congruences. 


Geodesic Curvature of a Congruence 


If the congruence [n] is not geodesic, and if one con- 


nt+m 


siders R"” as a submanifold of R » With the metric form on 


m 


eee just that induced from the Euclidean metric on R™* » we 
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may represent in the following way the geodesic curvature 


of a curve of [n] passing through the point P of R”: 


The length of the geodesic curvature vector is 


given by the formula 


-1 : 
2 oa le 
awe! 
i=l 


(3.14) 


The direction of the geodesic tangent vector is 
i= SL 


(CP SPAS 
J isi 


This vector has the following properties: 


eee (3.15) 


1) It is identically zero if and only if the con- 
gruence [n] is a geodesic congruence. 

2) Its projection on the tangent plane spanned by 
the tangent vectors to the curves [i] and [n] 
is equal to the curvature of the projection of 
the tangent vector to [n] on the same plane. 

3) It is perpendicular to [n]. 

Because of these properties, we will call this vector 


the geodesic curvature and the curves which belong to con- 


gruence generated by the covariant vector field Hs the 


curves of geodesic curvature of the congruence n. 


Canonical Systems with Respect to 
a_ given congruence 


Given a congruence [n], one may, and in many ways, 
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choose (n-1) other congruences which form with [n] an 
orthonormal moving frame. Among all the possible choices 
of these (n-1) other congruences, we are going to define 
a certain subset, whose elements we will designate as 
canonical with respect to the congruence [n]}. 

Let A, [n] denote the normalized ]-covariant tensor 


field which defines the congruence [n]. Set 


2l35 = ry pln + dg ile), 
and consider the following systems of algebraic equations: 


r, [n]ot 205 (3.16) 


ee 
A;In]u + (25, + ogjy)oo = 0. Caw 


Ingithe equations (S.No) (Se7)). cee 


alt n 


Ms Wy @ ,oaag © 


unknowns. Now, together, they form a system of (n+l) linear, 


homogeneous equations in (n+1)-unknowns 


with w» a parameter. Let A(w) denote the determinant of the 
system, a polynomial of degree (n-1) in w. Consider the 


equation 


A(o) = 0, (ras) 
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which has real roots. Denote these roots by Opoeees Gigs 
and suppose first that all the roots are simple. If one 


substitutes into (3.16) and (3.17) the value 


® = ®; 
i? 


and solve for the corresponding co eee a they form the 
components of a l-contravariant tensor field, which we 
denote by: 

of abile 
They are determined - up to a sign - by the condition that 
they be of unit length. As i varies, they determine (n-1) 
congruences [1],..., [n-1], which are orthonormal, and 
together with the given congruence [n], form an orthonormal 
moving frame for R". In this case, the canonical system 
is completely determined. 

If the roots of the equation (3.18) are all equal, 
every orthogonal system of (n-1) congruences forms with n 
a moving frame which satisfies equations (3.16) and (3.17), 
and hence every orthonormal moving frame, such that the 
given congruence is the n-th element, may be regarded as a 
canonical system. 


iiegemend Let 


Oyorees O, 
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be the distinct roots of the equation (3.18), and Pyorers Pp 
denote their multiplicities, and set in equations (3.16) - 


(3.17) the values: 
@ = Wp» INE LA eng ull 


One may for each h, determine Ph orthonormal congruences 
whose contravariant components are solutions of (3.16)- 
(Soil A iWtacly gy On: Of course, such congruences are only 
determined up to an orthogonal transformation of order Ph 


i.e. the general solution of these equations depends on 

Py (Py 1) /2 
arbitrary functions. One may now consider one as canonical 
orthonormal moving frames consisting of Py orthonormal con- 
gruences satisfying (3.16)-(3.17) for w = ®1» Pz Satisfying 
(G16) (nL 7)) bor san= @, etc. The family of such canonical 


moving frames thus depends on 
m 
Z Py, @y,71)/2 
ha estan 


arbitrary functions. 

When [1],..., [n] are orthonormal congruences such 
that [1],..., [n-1] are elements of a canonical system 
with respect to [n], the following characteristic equations 


are satisfied: 
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ree ep = 0. (3.19) 
If the congruence [n] is normal, the ao are all zero for 
j # k in the canonical system for {n]. In this case, the 
congruences of this system have a simple geometric interpre- 
tation: They determine the principal curvatures of the 
surfaces which are orthogonal to the curves of [n}. (For 
the theory of curvatures of hypersurfaces see Lipschitz 
[BINS 710)" ) 

It 2S possible to gave a simple geometric interpre- 
tation for the canonical system when n = 3. (See Levi- 
Civita [1897). It would be feasible to generalize this 


interpretation to manifolds of arbitrary dimension, but 


we pass on to other topics. 


Remarks: 


I shall now deseribe how these ideas may be desertbed 


in the modern way. Let 
eo VCR") x vik") + F(R”) 


be a posttive definite, symmetric F(R” )-bilinear form which 
defines a Riemannian metrte on R”. We shall extend » to 


define F(R")-linear and bilinear maps 


peice) + plea) 
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o: Fl(R™) x Fl(r") + F(R"), 
by means of the following formulas: 
O(n) CY — a ONE emia) (racy 


for X, Y € V(R”). 


97s ®)) = O(9 (a,)4 0 (wy) (ea 


In terms of coordinates (x”), here is the deseription 


of these maps: 


e(=—) = 9, je? 


o(da™, dx! ) = git. 
If f € F(R"), the veetor field 
grad f = 9 (df) (3.22) 
ts called the gradient of f. In coordinates, 


Grades og? (2h, da) 
ox 


t.e. grad f ts a 1-contravartiant tensor field whose com- 


ponents are: 
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t.e. grad f ts the reciprocal tensor to df. 
Wee see that a given congruence ts normal if and only 


tf there ts a funetion f such that 


grad f ts a vector field 
(3.23) 


of the congruence. 


To see what the condition for thts is, het X € V(R") be a 


vector fteld of the congruence normalized so that 


me, 26) 2 ie 


w =-9(X) € Fi(R"), 
Then, 

DO, Oy =) 1. 
o ts the covariant tensor field whitch ts rectprocal to X. 
Condition (3.23) is equivalent to the following one: 

elip = Tay 
for some funetion h. In turn, this equation means that 
the Pfafftan equation 

o= 0 
ts completely integrable. The eondittion for this ts: 


wo A dw = 0 (8. 24) 
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This can be made explictt as follows: 
dw =F (Xk, ,-X, ,)dn™ n dx? , 


where (x; 7! is the covartant dertvative of the tensor 


+ 


fteld X ye Alternately, one ean follow the route suggested 


by the authors: Set 
H = {¥ € V(R"): o(Y, X) = 0}, 


i.e. H ts the orthogonal complement to the congruence in 
V(R"). "Normality" means complete integrability of H, 


en 


il EN] SS UE 


Isothermal Surfaces and the Laplace-Beltramit Operator 


Given Y € Ve oe set: 
dt ba} 
tv Yagi" (vy ¥, X4), (3.25) 
t 
where (X,) ts an arbttrary F(R” )-bases of V(R"), and: 


as g(X,, x4) 5 


(g°!) = inverse matrix to (Gas div Y ts called the 


divergence of Y. In terms of eclassteal tensors, if 
Sg acne 


then 
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Gi ¥ = VW, 2 6 (a 26) 
Given f € F(R"}, set 


A(f) div (grad f) 


= div (gf 4) 
2 ytd ante 
(g Oe i fe 
The second order linear differenttal operator f > A(f) ts 


called the Laplace-Beltramt operator of f. A funetton f 


ts satd to be harmonte (with respect to the given Riemannian 


metrte) tf 
A(f) = 0. 


The caleulation given tn the text determines the con- 


dition that a veetor fteld X € V(R") such that 
o(X, X) =1 
must satisfy tn order that: 
X =h grad f; (3.27) 


for some pair (h, f) of funettons in F(R") such that 
IMGpA) ee (- 
It ts important to keep in mind the physical meaning 


of the term "isothermal." In case 


n= 3, 
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= 6, dn de", a solutton f of the harmonic equatton 
Af = 0 
may be thought of as a solutton of the Heat or Diffuston 
equatton: 
3 
Sr = oof. 


which ts independent of t. For example, "temperature" 
satisfies such an equatton, and harmonte funettons may be 


thought of as time-independent temperature functions. 


Points lying on the surface 
f(x) = constant, 


where f ts a harmonic function, may then be thought of as 
having "equal temperature," whence the term "tsothermal" 
for such surfaces. 

There are several papers (e.g. #166, 167, 168, 172) 
tn Vol. 2 of Part III of Cartan's Collected Works which 
deal wtth the theory of tsothermal surfaces. They are 
recommended both as a summary of the classical results and 
for thetr interesting new detatl, particularly the links 


with the theory of Lie groups. 


Geodesic Congruences 


Let X be a veetor field, belonging to a given con- 
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gruence, normalized so that 
Mik, FO) al. 
The condition that the congruence ts geodesic, in the sense 


that all curves of the congruence are also geodesics of the 


metrie », ts then that: 


Vyx = 0, 


Geodeste Curvature of a Congruence 


Let X be a vector field, belonging to a gtven congru- 


ence, normaltaed so that 
OG, 26) es ale 
Let: 
H = {¥ € V(R"): o(X, Y) = 0}. (3.28) 


In words, H conststs of the vector fields whitch are per- 
pendicular to X. V(R") ts thus a dtrect sum of H and the 
one-dimenstonal submodule spanned by X. 

Now, set: 


Y = projection of VyX in H. (3.29) 


The congruence determined by Y is then the geodeste curva- 


ture congruence of the congruence X. 
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. : * . ’ 
Cow wad ps Pert vg ee PPE e 


3 : “ipa er aes : 
pet XY vauvinwe ae a unftedength peotor Pei: generaving 


Oar 


a congrwense, and let # be depPined dy (S098). Leta be 


the map 


WEEN the POCVINT HD PwOp|ePeiess 
y y i y ” =) geht ») 
o(atYy), Z) = Fy OX, Vy + VY) (8.8! 
yar), So weapiy, ane) CSRS) 


° oe 2 . ests os 
It is yveadiiy seen that a fs an FUR )-ifmeay map.  Fxrther, 


its (by (S.S1)) apetaty ofth KeRPerPt to te noesiiiine 


netben  e  e 


Day 

ve 

Ae 
- 
“ 


mdaies form (3.81). (Oiide aeeonumitie fea tue Falet tlmit 


tts eigenvalues, whieh are the numbers Dpaeess of the 
‘ 


text, are real mumbere). 


Definition. An orthonommal moving frame of vevtor fields 
(Xyasees x, ts safd to be a ganontvatd apstem far the oon- 


gruence X if the following eonditions are aatieffed: 


x, = X, 


XY. ts an etgenvalue for a, 


* 
t 


for 2 Ss ¢ S ned, 
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As Riect and Levi-Civita remark, the eanonteal system 
ts essentially untquely determined if all the eigenvalues 
of a ave distinet. In the case some are degenerate, the 


canonical system is determined up to @n F(R")-Linear map 
eve Yel eo 75 


which ts an tsomorphism of the metric form », and which 
commutes with a. 

If H ts completely integrable (i.e. X te a normal 
congruence), then a ts essentially the second fundamental 
form (with respect to the metrtie »; see DGCV) of the 
maxtmal integral submantfolds of H. 

This geometrte concept has reappeared recently in 
General Relativity and Cosmology. Here, the metric » is 
non-positive, and the a may not be a diagonalizable map. 
However, tt ts often applied to the case where » tis a 
hyperbolic metric, t.e. tts normal form has 1 plus and 
(n = 1)-minus signs, and X ts a time-like congruence, t.e. 


OHOGs, BO) = sha 


In this important case, » restricted to H ts negative deft- 
nite, and the authors' ideas will carry over. Physically, 
the eurves of the congruence X are thought of as defining 


a "fluid flow"; the rotational coefftetents Yak defined 
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by the canonical systems are then important physteal in- 


vartants of this fluid flow. 


4. PROPERTIES OF THE ROTATIONAL COEFFICIENTS AND 
RELATIONS TO DARBOUX' THEORY OF MOVING FRAMES 


We have seen in Section 2 that there are n-(n-1)/2 
rotational coefficients os associated to an orthonormal 


moving frame (X;) of vector fields. 


Remark: Keep in mind that they can be defined in the modern 


notations as follows: 
_ k Yea C451) 


This identity enormously simplifies the caleulattons. 


These functions Vik satisfy certain first order differ- 
ential equations. Set: 


ee, a) - Bes, 

: Pica. x Tee) (4.2) 
: ECmne Tax’ = thee ag? 

Suppose that tpg] are the components of ce Then, one 


has: 
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a See ih lad (ele (4.3) 


where ate ) is the (completely covariant) Riemann curvature 
tensor. These equations give us the necessary and suffi- 
cient conditions that the functions Tyq OH) given in 
advance on R” may be regarded as the rotational coefficients 
of an orthogonal moving frame with respect to the given 


Riemannian metric. 


Remark: In other words, that there exist vector field (X 5) 
whieh are orthonormal and whtch satisfy (4.1). In the 
Remarks at the end of this sectton I will desertbe the 
modernized version of Cartan's way of dealing wtth this 


question. 
For n = 2, equations (4.1) reduce to a single equation: 
aoe Cee. 
ra Put (4.4) 
where K is the Gaussian curvature. This formula is well- 
known in the theory of surfaces, since oi and vie are 
the geodesic curvatures of the curves belonging to the 


congruences [1] and [2]. 


For n = 3, these equations are the generalization of 


those which link the components p, q, r of the rotations 
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in Darboux' theory of moving frames. (See Darboux [1894; 
T. I, Chapter V). If the metric » is the Euclidean metric 
for R. the tangents to the curves 1, 2, 3 determine at 
each point P of space a set of three orthonormal vectors 
in Ro As the point P "moves" the three orthonormal 
vectors "move", and this geometric idea is the reason for 


calling them "moving frames.'' The rotational coefficients 


eae 


tik give us the infinitesimal rotations Pi» 4 
(i = 1, 2, 3), which define the infinitesimal displacements 
along the curves 1, 2, 3. See Levi-Civita [1899] for 
further developments. 

One may see in this example how the methods described 


in this paper subsume and possess all the advantages of 


those procedures already known, 


Remarks: In order to see the relation between the ideas 
in thts section and modern ideas tt ts most conventent to 
desertbe, in the Language of mantfold theory, the notion 
of "frame bundle." 

Let N be a manifold of dimension n. (This now replaces 
ois 


R F(N) denotes the ring of C, real-valued funettons 


on N. V(N) denotes its derivations, i.e. the vector fields. 


[ey yey AS INS uv, denotes the tangent veetor space to N at p. 
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Each X € V(N) determines an X(p) € ee called its value 
at p. 
Suppose gtven a Riemannian metrtie on N, t.e. an 


F(N)-bilinear, posttive-definite, symmetric map 
pe: V(N) x V(N) + F(N) 


It possesses a value at each point p € N, which ts an 


R-bilinear, symmetric, posttive definite map 
3 NO x No RFR. 
po oP hae 
Me aCe, 
p(X, Yi (p) = p(X(p), Yp)) 


forex, Y € VCND. 


Definition. A set (V1,+++5 V,) of vectors in Us ts an 
orthonormal frame at the point p € N tf: 


(055 vy? = pe (4.5) 


Definition. The (orthonormal) frame bundle to N, denoted 


by FR(N), consists of the set of all ordered (n+l)-tuples 


where: 
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(Visser ve? form orthonormal 


frame at p, t.e. satisfy (4.5). 


we J) so il) 
be the map defined as follows: 


1(p, Distress Powe = ?p. 


t, called the projection map, defines FR(N) as a (toecal 
product) fiber space over N. It ts, in fact, a prinetpal 
fiber bundle over N, with structure group O(n, R), tin 


the sense desertbed in Steenrod'’s book [1951]. (Indeed, 
this example was the prototype for the "prinetpal ftber 


bundle" notion!) 
Now, we have already defined an (orthonormal) 
moving frame as a set (x) of veetor ftelds such that 
aay Ss 

Sueh an object defines a cross-section map 

o: N + FR(N), 
since we can map 

P+ (Ps X,(p)aeeey X,(p)) = o(p) 


Thus, the notion of "orthonormal moving frame" and "cross- 
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secttons of FR(N)" are essenttally tdentical. 
One proves now that there are 1-forms (w, w,4) 


on FR(N) with the following properties: 


Lo aio’, 0,7) forms an ubsolute parallelism for 
FR(N), ¢.e. an F(FR(N))-basie for F'(FR(N)). 


a) a a, 

a) do =a, A a 

4) ot (a) (KX .) = 65° where 
o(p) = (p, X,(p),.++s X,(p)) for all p € N, 
i.e. ts the cross-sectton map assigned to the 
moving frame 


Mee 


Condition 4 then means that o*(w’) are the differential 


forms which are assoctated uta the metrte to the vector 


fields X ys 
Let Raggy be the functions on FR(N) such that: 
@ _t k _ me 2 
dw. -a, A ao, = Rane GIS AN Oia (4.6) 


Here is a statement of the problem constdered in this 


seetton. Suppose that on are functions given on N. 
o: N > FR(WN) 


such that: 
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of (a ") = VK oto") (4.7) 


This ts a problem which is best set up tin terms of E. 
Cartan's theory of Exterior Differential Systems. The 
Integrability Conditions are derived by applying the 
exterior derivative operation to both sides of (4.7), 


and using relations (4.5) and (4.6). 


5. CANONICAL FORMS FOR TENSORS ASSOCIATED TO THE 
RIEMANNIAN METRIC 

In problems of Geometry, Physics, Mechanics, etc., 
one is almost always led to system of equations which have 
an invariant nature, (See Section 7 of Chapter I), and in 
which one encounters a Riemannian metric, and several asso- 
ciated 1 or 2-tensor field and their covariant derivatives. 
For simplicity, we restrict attention to the case of one 
associated tensor field. 

Suppose first that this tensor field is a 1-covariant 


tensor field 


T+. 
3b 


We associate to it a congruence [n], whose curves are 


defined by the equations: 
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The normalized covariant component of this congruence is: 
A, [nm] = +;/p, 


with 


We will say then that the following formula: 


cos ed; [n] : (Si 18)) 


gives the canonical form for the tensor t. 

The next step is to give canonical forms for the co- 
variant derivatives of t. To do this, proceed as follows. 
Start by defining (n-1) congruences which form, with [n], 
an orthonormal moving frame. Further, one may suppose - 
as explained in Section 3 - that they form a canonical 
system with respect to the congruence [n]. 

One obtains in this way a system of equations which 
is closely linked to the essential features of the problem. 
The geometric interpretation of the problem, which is 
nearly always simple and natural, usually characterizes 
the equations in an efficient and useful manner. Often, 
writing the system in this way will provide suggestions 


for its solution and for a choice of independent variables. 
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If the equations can be solved, one may at the end intro- 
duce ordinary notations, which will give the canonical 
solution of the problem. 

We are the first to admit that these methods (i.e. a 
"canonical" choice of moving frame) will not eliminate 
the essential difficulties of the problems to which they 
are applied. On the contrary, after transforming the 
equations in this way all the difficulties remain. These 
methods only teach us how to avoid the accidental obstacles. 
Often, starting from a relatively complicated set of equa- 
tions one ends up with a simple and tractable canonical 
system, leading to interesting and unexpected successes, 
where the ordinary methods would have almost certainly 
failed. 

Here is a method for dealing with a symmetric 2-tensor 


( 


Cre Consider the eigenvalue equations: 


(ay, - pes3)M = 0. (5.2) 
Solving them for a non-zero set of X's requires that p 
satisfy a polynomial equation of degree n (the character- 
istic polynomial of the matrix a; = E with well- 
known properties. All the roots of this equation are 


real, and their substitution into (5.2), then solution 


for the A's, determines an orthonormal moving frame 
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[MN ecoog Iha]) Sitka qeenes 


aj 72 py, dz [KI , [k] . 


This is the canonical form for the tensor field a5 ° 

Starting with these expressions, one transforms the 
equations of problems involving such tensors, and one 
arrives often at canonical solutions, analogously to what 
has been done for 1-tensor fields. 

We can deduce certain general rules from these ex- 
amples. We have seen that the components of an m-covari- 
ant tensor field may be expressed as homogeneous functions 
of degree m of the components of an arbitrarily given 
reference moving frame. In the case m = 1, we have ob- 
tailed a canonical form of a tensor field Ts by choosing 
a moving frame [1],..., [n] such that, in the general 


formula for 7, 


| 
{t 


Ze whi [5] > 
J 
we have: 

cP 
The rule is then that the canonical form is determined by 


the choice of moving frame so that a maximal number of 


coefficients of t vanish. 
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Similiarly, we have determined the canonical form for 
a symmetric 2-tensor Ti3 by choosing the moving frame so 


that, in the general formula 


Hy = 1 Cyprhz fh) r, [4], 
one has: 
Ch, = ) se@ie IK 8 fe 


Again, notice that the canonical form is determined by 
choosing the moving frame so that a maximal number of 
components vanish. 

In general, to treat a covariant tensor of order m, 
choose the moving frame so that the components of the 
tensor field with respect to that moving frame take the 
simplest or most convenient form. After that, to obtain 
the intrinsic equations of the problem one has only to 


follow very simple and uniform procedures. 


Remarks: This Seetton sketches a method for dealing with 
geometrite and phystcal problems that was later extensively 
developed by Cartan. He called tt "the method of the 
moving frame." In modern fiber bundle language, it ean 
roughly be desertbed as follows: (It is notoriously 


diffteult to formalize precisely. See my paper [1965]). 
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Deseribe the situation firet in terme of a principal fiber 
bundle with a certain structure Par G. (In the eaee 
here, G = O(n, RB), 80 that the bundle ie the frame bundle 
of the Rtemannian metric.) Then, try to reduce the strue- 
ture group to a subgroup in a "natural" geometric way, 
choosing the subgroup to be as emall ae posetble. 

Of course, "reducing the structure group” is a con- 
eept that also appears in topology. (See Steenrod [1951]). 
However, in thts case there are not usually topological 
obstructions (in facet, the base space of the fiber bundle 
is usually R”), but one wants to find veduetions which 


satts certain sets of differential equattonz. Leapite 


the confidence displayed here by Rtieei and Levi-Civita 
about the ease in application of the method, tt has turned 
out to have certatn mystertous features whien have tninthired 
full development. However, I do belteve that understanding 
better how the method works will lead to new progress in 
differential geometry - the promise anticipated by Ricet 
and Levi-Civita ts still there! 

There is also a more intelligible purely algebraie 
problem involved here, involving what 4a now known ae 
tnvariant tneory. (See Dieudonné and Carrel [147]),. het 


G be a group of linear transformations on a veetor space V. 
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(In the sttuation discussed by the authors, V=R , 
G = O(n, R), the group of n x n real orthogonal matrices.) 


Let 


denote the space of mixed tensors on V which are m-times 
econtravartant, p-times covartant. The actton of G on V 
determines a@ linear actton of G on 2 (VW). What ts tn- 


volved ts a eanonteal form or fundamental domain for the 


actton of Gon es a subset of ry (Vv) which slices 
aeross the orbtts of G, meeting the "general" orbtt in 
prectsely one potnt. In the case at hand, where G ts 
compact, tt ts not difftcult to show the existence of such 
a subset, and even to prove useful facts quene tts proper- 
ttes. (See DGCV, Chapter 25). In the ease G is non- 
eompact (which would be of interest for relativity, e.g. 
G = 0(1, 3)), the relevant theory does not exist, although 
wtth existing tools a fatr amount eould be done. 

There is a suggestion here of a general method for 
constructing such "fundamental domains" that has, to the 


best of my knowledge, not been worked on systematically. 
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(In the sttuation discussed by the authors, V=R , 
G = O(n, R), the group of n x n veal orthogonal matrices.) 
Let 


m 
fe V 
p (V) 


denote the space of mtxed tensors on V which are m-times 
eontravartant, p-times covariant. The aetion of G on V 
determines a linear action of G on ry OW). What te in- 
volved ts a canonical form or fundamental domain for the 
actton of G on ry CW), a subset of ae? which elicee 
across the orbits of G, meeting the "general" orbit in 
preetsely one point. In the case at hand, where G te 
compact, tt ts not difficult to show the existence of such 
a subset, and even to prove useful facts about its proper- 
ttes. (See DGCV, Chapter 25). 
In the ease G ts non-compact (which would be of interest 
for relativity, e.g. G = 0(1, 3)), the relevant theory 
does not exist even up to the level of my work in the 
papers cited above, although with existing tools a fair 
amount eould be done. 

There ts a suggestton pene oF a general method for 
constructing such "fundamental domains" that has, to the 


best of my knowledge, not been worked on systematically. 
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Namely, on each orbit of G acting on ev) choose the 


element such that a maximal number of components with 
respect to a fixed basts of V vantsh. 


Chapter III 
ANALYTIC APPLICATIONS 


1. CLASSIFICATION OF QUADRATIC DIFFERENTIAL FORMS 


Let » be a positive definite quadratic differential 
form in the n variables ee x, WE uw is sufficiently 
large it is possible to choose n + » functions 


1 


oe 
yaa 


Ose lie 29S Swell leer 
Ibs 74 
Peer (dy oe. fey) +. 16+ Cay" #2. 
Let m denote the smallest possible value of u. One has: 


0) = yl = ee 


m is called the class of the Riemannian metric ». m can 
serve to classify metrics. 

Hor Geeunole®s sr i = 2, whe Class WS eee) whe while. 

The metrics of class zero (of any number of variables) 
are characterized by the condition that their Riemannian 
curvature tensor vanishes identically. Here is a result 
(see Ricci [1884]) which characterizes the metrics of 


class one. 


HAS 
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» is of class one if and only if there exists 


a symmetric tensor bij such that: 


1) Rajke * PixPj, ~ Oie?jx 


2) bi5.k + Dik, j = 0. 
When these conditions are satisfied, the functions 
eRe ee may be determined as solutions of a differ- 
ential system whose integrability conditions are satisfied. 
For forms of higher class there is an analogous 
theorem. 
But, we do not pursue this generalization; another 


important application of Tensor Analyses awaits our 


attention. 


Remarks: The problem briefly alluded to here tis now 
called the tsometric embedding problem. Of course, the 
authors mean to work only locally. The global tsometric 
embedding of a Riemannian mantfold into a higher dimen- 
stonal Fuelidean space was only proved within the last 
twenty years, by John Nash [1]. In facet, Nash's work 

ts one of the most brilliant and important results in 20th 
eentury dtfferential geometry. 


It ts interesting that Rtect and Levt-Civita took for 
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granted the existence cf a local tsometrice embedding. To 
the best of my knowledge, this was in fact only proved in 


the 1920's by Janet and Cartan. 


2. ABSOLUTE INVARIANTS. GEOMETRIC REMARKS. DIFFERENTIAL 
OPERATORS 

See Ricci Lcd eelsos |), Leva-Gavata [1394], 

The classical work of Jacobi, Lamé and Beltrami, which 
introduced into analysis the invariants known as differ- 
Eiistalepamanciens:, 25 based on ithe finst variation of 
certain integrals. Despite the elegance and ingenuity 
of this approach, it leads to methods which are indirect 
and far away from those which the nature of the problem 
would seem to suggest. In fact the study of such differ- 
ential parameters is part of the following general problem, 


which after all only involves algebraic elimination: 


Given a Riemannian metric » and a number of 
associated tensors S (covariant or contravariant), 
determine all the absolute invariants which may 
be formed from the coefficients of » and S, and 
their derivatives up to an order uw fixed in 


advance. 
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If one did not have to take into account the deriva- 
tives, this would be a well-known algebraic problem. The 
involvement of derivatives seems at first to severely com- 
plicate the situation. Happily, it really does not. 

Tensor analysis leads us back to the algebraic problem, 
becavise we can substitute Coveriant for odie) derivatives. 


More precisely, we have the following Theorem: 


To obtain the absolute differential invariants 


Of Dormer tt Si ece ss tO. deer Mn ema Memcellg ci. 


braic invariants of the following form 


a) The fundamental form 


b) The forms associated to S and their covariant 


dem iwa Gives! (Gvalbh respect) tou) wor Uolonvden ay. 


c) For p > 1, the Riemann curvature tensor and 


les Covannanit den iivalisines) lpi tOmonmic tio). 


The first problem is that of determining the differ- 
ential invariants of » alone. From the preceding Theoren, 


we deduce the following Corollaries: 


The metrics » of class zero have no non-zero 
differential invariants. The metrics of non- 


zero class have no differential invariants of 


the first order. The invariants of order 
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greater than one are the invariants of », the 
Riemann curvature tensor, and its covariant 
eee ee Eo ee CON aE Ee 


derivatives. 
These results are of the simplest form for the case 
gl “SA oe Sen 


For n = 2, the Riemann curvature tensor reduces to 
the Gaussian curvature K, which is the only second order 
invariant of 2-dimensional Riemannian metrics. 

We might remark at this point that, when we regard 9» 
as the metric of a surface, the value of K is the product 
of the principal radii of curvature. This is the reason 
for calling K the total curvature of the metric ». We 
know that K = 0 is the necessary and sufficient condition 
that the metric » be of class zero. In geometric language, 
this is the well-known fact that developable surfaces are 
the only ones which are applicable on a plane. 

For K = 0, our metric form has no non-zero differ- 


ential invariants. In general: 


The invariants of a 2-dimensional metric of 
order up > 2 are obtained as the algebraic in- 


variants of the form » and the covariant deriva- 


hivesuot (Katy tosondeniu.-.2. 
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This result is implicitly contained in a memoir by 
Casorati [1860]. 


Turn now to the study of the case 


(nN 


n= 


In place of the Riemann curvature tensor Rijke? substitute 
the contravariant tensor a J defined by the following 


formula: 


where we use the convention that two indices are identified 


if they are equal modulo 3. Thus, 


(See the remarks at the end of this section for the co- 
ordinate-free way of defining a.) 

Now, a = 0 is the necessary and sufficient condition 
that » be of class zero. When a is non-zero, consideration 


of the quadratic forms Bij and a.. gives us all the differ- 


ij 
ential invariants of these two forms, we may take the roots 


of the equation 


and call them the fundamental differential invariants of 
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the metric 9. We are led to this choice by the general 
process of reduction of the 2-tensor Qj to its canonical 
form. (Section 5, Chapter II). It leads very naturally 
to an orthonormal moving frame which is very important 
for the study of the geometric properties which generalize 
those associated to the total curvature in the 2-dimensional 
case, 

We will come back to these geometric applications 
(Chapter IV, Section 8). For the moment, we limit our- 


selves to the remark that the field of eigenvectors of a 


are called the principal congruences, and their values at 
points are called principal directions. 

It is hardly necessary to add that, to obtain the 
differential invariants of the 3-dimensional metric » up 
to order uw > 2, it suffices to take into consideration, in 


addition to the forms a. those which one obtains by 


Valine ee 
covariant differentiation of a up to order u - 2. 

Having dealt with the invariants of a metric » alone, 
let us now examine several simple examples of the general 
case where one has also associated tensors. 

First, suppose that we are given two functions U and 


V associated to the metric » in n-variables. Suppose 


fiat ¢ 
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go = gjdx'dx?. 
The differential invariants of first order of the system 


(», U, V) are described by the following differential 


operators: 


" 


ij 
g ae 


= as 
a, (V) = gPViV; 


a, (U) 


2hes 
v(U, V) = g UiV;. 
Remark: Recall that 


aU 


We padre 
aX 
When the system is formed by the metric o and a 
single function U, the only first order invariant is 
A, (WU). To treat the second order, consider the invariants 


of the following three differential forms: 
gj jax*dx’, U,dx', Oe ade 

In particular, the invariants of the pair 
g,,4x"dx1, U,, jdx*dx! 


are the roots of the equation 
dewey j - P8i3) = (0, 


andy bem Omid comeccm lnm ra), 1 lle the secondmcovannant 
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derivatives in U. The invariant of the first degree, 


Sed 
Ay (U) g ra ’ 
is the well-known second degree operator defined by 


Beltrami. 


Remark: A, ts now called the Laplace-Beltramt operator 
associated wtth the metrie o, 
Lt completely 
characterizes the metric 9». 
Suppose now that we associate with the metric » a 


l-covariant tensor 
(t;) 
The pair (9, +t) defines first order invariants, which are 


the algebraic invariants ot the differential form 


i i j 
Ds, tT; dx > v4 5ax @ dx, 


Among these invariants, the most important for applications 
Hess 
ij 
8 = es 
me srs 
From the point of view of applications, it is important 


to note that the following alternate form for 6: 
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Gite) = ae o (Vg ayy 
Vg ax 
This expression is often most useful in calculations, 
while the first form is best suited to theoretical de- 
ductions. In the particular case where n = 2, one may 


replace the bilinear form Ts jax” @ dx) by the symmetric 
> 


bilinear form 


ee 
TiO + nae idx GUE! 


( 
provided one adds the invariant formed from the tensor 
Tig and the contravariant tensor E defined in Chapter I, 

> 


SeCElom SG, lense WS WES Meolieme sc@immulee 


ij su ie 
os 7 1 2 ee 
= also 
at = 7 = 
Vg axe axt 


Similiarly, for n 


i) 
Ww 
] 


one associates to (», t) the 


symmetric tensor 


Get ee 
1,) 4} gal 


and the l1-covariant tensor 


i_ 1 ,ijk 
u =apes ak 
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This can also be written as follows: 


ae (a : =) 
. ave baxi*t 4x 1%? 

where again one adopts the convention that indices equal 
modulo three are the same. This formula is particularly 


effective for calculations in applications. 


Remarks: This Section certainly covers ground! In faet, 
tt proposes ideas which have not been adequately formu- 
lated or developed even to this day. Accordingly, I shall 
now try to explain what is tnvolved, using the tdeas and 
notattons of mantfold and veetor bundle theory. 

First, there ts a purely "algebrate" part. The 
authors aim to reduce the study of "geometric" tnvartants 
to "algebraic" ones. I wtll describe some of these alge- 
braie problems from the viewpoint of modern group and 
veetor space theory. 

Let V be a real finite dimenstonal vector space, Let 
‘a be ite dual space. For each patr of integers (r, s), 
tet: 


ve=ve...everv @..e v4 


s times yr times 


Thus, an element of ie ts an v-fold covartant, s-fold 
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contravartant tensor, tn terms of V. 
Let W be the vector space direct sum of a certain 


number of eoptes of such tensor spaces. Say, that: 


6n 
Typteally, one ts given an element w of Wa geometric 


problem. What ts wanted is a notton of a set of alge- 
brate "invariants" associated with w. This may be thought 
of as a "mapping" (tn the sense of algebraic geometry; see 
Volume VIII) from W to another vector space W'. 


Constder the following example: 


Gtving w amounts then to giving a pair 


hoe 


2 
of linear maps: V+ V. (What ts involved here is the 
tdentifteatton of the space of linear maps: V + V with 
the set of tensors ne t.e. matrices, t.e. 1-fold co- 
variant, 1-contravartant.) 

What are the "invartants" of such pairs of linear 
maps? The answer comes from the Weirstrass-Kronecker 


"elementary divisor" theory. Let x} be a new vartable, 


and form the "pencil" of linear maps: 
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a) = a, + AGy. 


Sée Volumes III, VIII, IX and Gantmacher [1964] for the full 
story of what is involved here, 


Alternately, one ean define 
Ayla, Godsrees a,(a1, ao) 
as the real numbers such that: 


det(a(r)) = 2 ae ao. 


%9 1 
The Apsrres a, are polynomtal functions in the terms of 
linear parameters for G1, Go. Hence, we can map 


ie prti 


by asstgnting: 
(G15 ao) > (ay(a15 Golssees a (a1, Gy)). 


Thts map defines, tn a obvious sense, the "algebrate in- 
vartants" of the elements of W. Unfortunately, such a 
simple and natural constructton of "algebrate invariants" 
is not known for most more compltcated collections of 
tensors! 

This "algebrate invartant" problem also has a group- 
theoretic side. Here ts one typteal sttuatton. 

Let G be a group of linear transformattons on V. G 


P < s : 
extends in a tensortal way to act on les , henee on W, which 


136 ANALYTIC APPLICATIONS 


ts a direct sum of a number of coptes of such tensor spaces. 


The problem ean be stated in several interrelated ways: 


Fing the orbits of G acting on W. Find 
rational funetions on W which are invariant 
under G. More generally, find vector spaces 
W' on which G acts trreductbly, and find maps 
(in the sense of algebraic geometry agatn) 


W-+>wW' 


which tntertwine the actton of G. 


Study of these general questtons form a modern version 
of what was elassically known as invariant theory. See 
the book by Dieudonné and Carrell [1971] for a recent 
treatment. 

I shall now try to give an tdea, in modern language, 
of what 19th century geometers meant by a differential 
invartant or covartant. Let M be a mantfold. F(M) denotes 
the ring of G3 real-valued functions on M. Let V(M) be 
the C vector ftelds on M, t.e. the derivations of F(M). 
V(M) ts a module over the ring F(M). Let Fl (Mm) be the dual 
module, t.e. the 1-differential forms on M. Set: 


ro (Mu) = F'(M) &...2 F1(M) ® V(M) ®,,.® V(M) 
ea ey 


r-times s-times 
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( @ denotes tensor product of F(M)-moduies). The elements 
of TM) are the r-fold covartant, s-fold contravariant 
tensor ftelds on M. 


Let G(M) be the group of diffeomorphisms of M. G(M) 
aets, in the natural "tensorial" way, as a ary trans- 
formation group, each Te 

Now, tet T be a submodule of the dtreet sum of a 


ecertatn number of tensor fteld spaces. Say, that 


$1 s 
Ip fe, GH (M) ®..®7 
r Yr 

il m 


m 


(M). 


Suppose that the actton of G(M) leaves the submodule I 
tnvartant. 

A k-th order differenttal invariant ts a mapping (not 
necessarily linear, and not necessarily even defined 


everywhere) 


whitch: 
a) Intertwines the actton of G(M) 
b) Is defined, in each Local coordinate system for 
M, by formulas which involve differential oper- 
ators of order k in the components of the 
elements of IT. 


The main point of this Section may be stated as 
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follows: Suppose 

Bo ie 

Pc ST,(M) © (UD) Qo oy BE : 
*3 em 


* 


i.e. the first component of y € T ts a symmetric, two- 
fold covartant tensor field ». (ST denotes "symmetrte 
tensors",.) Generally, this » will be non-degenerate, t.e. 
will define a Rtemanntan metric (possibly non-positive, 


of course) for M. Thus, the covartant derivative wtth 


respect to » may be used - as tndicated by the examples 
given in the text - together with the algebrate invariants 
constructed on tensors at one point, to define differ- 


ential tinvartants. 


Chapter IV 
GEOMETRIC APPLICATIONS 


1. STUDY OF TWO DIMENSIONAL MANIFOLDS (GEOMETRY ON A 
SURFACE): GENERALITIES - CURVATURE - CONGRUENCES - 
BUNDLES OF CONGRUENCES - INVARIANCE OF A BUNDLE - 
BELTRAMI'S THEOREM 

The theory of surfaces and curves on surfaces - 
founded by Gauss - is now developed to form in itself a 
vast and rich scientific domain. But, even in the best 
expositions of this subject, unified methods are lacking. 
It is not developed naturally from simple, well-determined 
principles. Tensor Analysis, by contrast, gives the theory 
a form which seems as simple as possible. 

It also leads to a rational separation of those 
properties of two dimensional surfaces which are intrinsic 
and those which depend on the embedding into our three 
dimensional Euclidean space R°, The intrinsie properties 
are derived from the dec of the surface (first fundamental 
form) induced from the Euclidean metric on Be while the 
embedding properties are defined by another quadratic 
differential form, called, by Bianchi, the second funda- 


mental form. 
139 
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Let us begin with the first form. Choose indices 


and summation convention as follows: 


Let M be a manifold, with coordinates 
1 2 
(x", x") 
and metric 
—_— ee 
ds 85 59x dx @. 
Let us regard this form as the fundamental one. If its 
Gaussian curvature K vanishes, we have seen that the 


MAMA TOLL be Lines. Trehedees not vanish, the &ssiagn- 


ment 


gives rise to all the invariants of the form », i.e. to 
all the (differential) expressions linked to intrinsic 
properties of the Riemannian manifold M. 
Let 
411] 
\,(21 
be the cevariant components of two orthonormal congruences, 


defined on our manifold. They will be referred to as 
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congruence [1] and 


congruence [2]. 


Let us use, for this case n = 2, the general orthonormal 


frame formalism of Chapter 2. Set: 


Res 2 : 
OF zs Y4j r,Cil-. 


Then, we have: 


dg gl] = - alle, 
uaa) 
da «{2] = 4, [1]e;- 


The rotational coefficients of the moving frame [1], [2] 
have, in this case, two independent components. We shall 


take them as: 


1 Pi 
Pale V12 
They represent the geodesic curvature of the integral 
curves of the vector fields: [1] and [2]. 


Set: 


Oo: * Gries (i) 


Ki=9e os (3) 
We have: 


4,1] = €,;V (21. | (1.4) 
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Substicuce (l4einto (lei). Sihtsie ives sams y sieomemon: 
differential equations for the r, [2]. Equation (1.3) is 
the integrability condition for these equations, when one 


adds the algebraic condition: 
eae a oars (ies) 
The general solution of this system has the form: 


Lee sin(a)A;[1] + cos ad; [2], (Ci. 3() 


where a is a constant. 

For a particular value of a, the G are components 
of a congruence whose integral curves meet the integral 
curves of A; [2] in the angle a. 


Such a system of congruences is called a bundle of 


congruences. 


Remark. They use the term "fatsceau". 


OF is called the covariant vector field of the bundle. 
Equation (1.3) then is the condition that a vector 
field given in advance be associated in this way with a 
bundle. 
Tefs O% and v5 are vector fields associated with two 


bundles, the differences 0; - Va have a remarkable geometric 


significance. They are the derivatives of the angle between 
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two vector fields of the different bundles. 

Following the rules of the preceding section, suppose 
that one has constructed all the differential invariants 
obtainable by the association of the vector field » to the 
congruence [2]. One obtains in this way all the intrinsic 
properties of a congruence in the 2-dimensional manifold M. 

We obtain a single algebraic invariant, represented 
by equation (1.5). 

Because of equations (1.1), the differential invariants 
of the first order are the algebraic invariants common to 
the metric tensor and to the two vector fields A, [2] and 


Pi There are two such invariants: 


1 e Z 
Jy Aas [2]o; = Ae 
i 1,2 Zn 
J, pen as Os tae (¥21 tes + (112 7% 
The second order invariants are the Gaussian curvature 


K and the quadratic form: 


Vij = 7004, af 5 ,i)° 
The invariants of order greater than the second are the 
covariant derivatives of K and of the tensor a5: 

As we have said, the differential invariants of the 


metric tensor represent intrinsic geometric properties of 


the manifold M. Similiarly, the invariants of 9;, Wize 


144 GEOMETRIC APPLICATIONS 


and their covariant derivatives represent the invariants 

of the bundle. Thus, the invariant J, represents the sum 

of the squares of the geodesic curvature of the two 
orthogonal curves belonging to one of the pair of congruences 


of the bundle. Similiarly, the function 


in an invariant of the bundle. Its vanishing is the neces- 
sary and sufficient condition that each congruence of the 
buneld is isothermal. This proves in a very natural way 


the following theorem of Beltrami: 


If a congruence is isothermal, so is each con- 


gruence which belongs to the same bundle, i.e. 
which makes a constant angle with the given 


congruence. 


Remarks: JI will now redo this material in Cartan's form. 


Let 
(oo! ) 
be an orthonormal moving frame of 1-differential forms. 


(If (2°) is a coordinate system, the r, [7] ean be defined 


by the relation: 


ol = \,[i]de*). 
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Then, we have: 


SD pew) k 
da® = wz" A w 
Gas J ant 
Se 7 Mee dx 
Thus, 
onda” = 7 aera = 2 yd 
t Hag Yq3 ; 
Hence, we have: 
ah 2 
pdx =e 


We see that, in Cartan's language, what Riecet and 
Levi-Civita are saying ts that the assignment 


ae a) + @, 


defines the geometry on the 2-dimensitonal Rtemannian mant- 


fold. The 1-form w determines the Rtemanntan connection, 


di 
and the second fundamental form (t.e. the "geodeste curva- 
ture") of the integral eurves of the moving frame. 


Here tis the relation to the Gausstan curvature K: 


ae @”) be two orthonormal 


Definition. Let (oan boas a:) 
moving frames for the metrie. They are satd to belong to 
the same bundle of moving frames tf there te a constant 


real number such that: 


146 GEOMETRIC APPLICATIONS 


; 2 
6 = cos ane. + stn aw 

: 1 2 
9? =-8in aw + Cos aw. 


Another way of putting this is to say that these formulas 
define an action of SO(2, R) on the moving frames. The 
bundles are the orbits of this aetton. 


Then, we have 


dot Eweos ao’ A ne - sin ao A a 
= on A Be 
Similtarly, 
de? == wy! A ee 


Hence: 
The asstgnment 


(ot, a) oS (ay?) 


is tnvartant under the action of SO0(2, RB), hence 


defines a differential tnvartant of the bundles 


of moving frames. 


2. SURFACES OF 3-SPACE-FUNDAMENTAL EQUATIONS - PARTICULAR 
REMARKABLE FORMS - GENERALIZATION OF THE FORMULAS OF 
GAUSS AND CODAZZI 


As indicated in Section 1 of the preceding Chapter, in 
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order to determine all surfaces of . which admit a given 


metric fe. it suffices to determine all tensors 


which satisfy the following algebro - differential system 


of equations: 


bay k * Pik,j (2.1) 
5 
ae (2.2) 
where: 
(pece ain eg 
11°22 7 12 


B= 811822 ~ B12 
Choose another set of indices as follows: 
iL ss GWee oy = Sy 
Let (y*) be functions which define the 2-dimensional mani- 


fold as a surface in R. Then, we have: 


3 
= 5 er (02575) 


ee 
ae 2 oe ; : (2.4) 


where the z* are defined by the following relations: 


3 
: ae = 0 (2.5) 
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2 
ee ee (2.6) 
a=1 
(y,". Yi ; denote the covariant derivatives of the func- 
tions vt with respect to the connection associated with 


the metric 8i5)- 

Considered as a system of partial differential 
equations for the Tes the system formed by (2.3) and (2.4) 
is completely integrable. (Conditions (2.1) and (2.2) are 


the integrability conditions.) The general solution of 


this system depends on six arbitrary constants; they fix 
the position of the coordinate axes of me with respect to 


the surface. 


Remark: Here ts what ts meant. Consider (y*) as defining 


a map 
YS WY es ree 


where M ts the 2-dimenstonal Rtemanntan manifold. Let G 
be the group of rigid mottons acting on ie It ts a 6- 
dimenstonal Lite group (whence the "si«w arbitrary constants"). 


Each g € G aets on y: 


OL = fefftle 
Clearly, gy ts again a solution of (2.3)-(2.4). 


We see that to each particular solution of equations 


GEOMETRIC APPLICATIONS zs 149 


(2.3)-(2.4) there corresponds a surface on mo uniquely 
determined up to a rigid motion, which admits the given 
Metra ds? as the metric induced from the flat metric on 
R°. Equations (2.3)-(2.4) may be called the intrinsic 
equations of the surface. Equations (2.1)-(2.4) (which 
we will call the fundamental equations of the theory of 
surfaces) are much better suited to the study of geometric 
properties of the surface than the literal equations de- 
fining the surface, which involve objects which are not 
naturally defined in terms of the surface itself. 

As outlined in Chapter 2, Section 1, equations (2.1)- 
(2.4) may be written in terms of an orthonormal moving 


frame in the following form: 


bi; 3 Byg 4 lkI A504], (2.7) 


where 


Bae ~ Bex? 
and aA, 01), a, 02] denote the covariant components of an 
orthonormal moving frame. One sees that Biz» Bo22 By2 
measure (up to a sign) the normal curvature and the 
geodesic torsion of the integral curves of the orthonormal 
congruence [1], [2]. 
In order to write these equations in a form which is 


intrinsic to the orthonormal moving frame, let us adopt 
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the following indicial convention: 


Then, (2.1) and (2.2) take the following form: 


oP. Rey 

EE Gnea 
; (2.8) 
z 


i h 
, Pin Cis2yh * PeisaynY Chen) (+1) 


oe eS 
As we have described in Chapter 2, there is an ortho- 
normal moving frame [1], [2] for which the expression 
(2.7) takes its canonical form. This frame is that tangent 


to the lines of curvature of the surface. We have then 


By > le 
which gives the known theorem that the lines of curvature 


have zero geodesic torsion. Baye Bio: after a change of 


sign, are*the principal curvatures. Equations (2.8) and 


(2.9) reduce, in this case, to the well known Gauss- 
Codazzi equations. 


One may also choose the orthonormal fram@so that: 
Boo = 0. 


(It may be necessary to use complex frames. Real frames 
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are sufficient if K < 0). The curves of the congruence 
[2] are then asymptotic curves of the surface. Equation 
(2.9) then defines Bio» and (2.8) leads to relations which 
have been already mentioned by M. Raefy [1892]. 

The reader who wants further detail on how these 
techniques give the most important theorems of surface 
theory should see Ricci's "Lezioni sulla teoria delle 
superficie," to which we have already frequently referred. 
Instead of going in this direction, in the next section we 
deal with a problem in the theory of isometry of surfaces, 


where Tensor Analysis has completely solved the problem. 


Remarks: Cartan's methods are ideally suited to thts 
matertal. Let 


(e-) 


be a moving frame of 1-forms on R° whieh is orthonormal 
with respect to the flat Riemannian metrie on Ree (In 
other words, tf ur vie y?) are Cartestan coordinates on 


Pp , then 


Pa ee 


= dyt+dy? + dy®-dy® + dy*+dy*, 


where * denotes the symmetric product of dtfferenttal forms.) 
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Let M be a &2-dimenstonal submanifold of Rs Choose 


the moving frame (0%) so that: 


9° = 0 on M. (3a aio) 
Set: 

ie = et restricted to M 

ae = 9? restricted to M 

ds* = a! sa? + ota (el), 


This quadratite differential form on M is then the Riemannian 
metrie induced from the flat metrte on oe 
Suppose that 


b 
84 


are 1-forms on Re such that: 


det = Ot nw (2.98) 

0, + 0? = 0. (2.13) 
Set: 

oa = 9.4 restricted to M. (a4) 
Then, 

Ga = ot A wo, (Pai5) 


Thts relation tells us that the 
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) 


(os 


are the connection forms of the metrte de. given by formula 
(2.11) with respect to the orthonormal moving frame (wo). 
Equatton (2.12) implies one additional relation when 

restricted to M. Namely, set a = 3 in (2.12), and use 

(CBs LG) 8 

6.9 Aw = 0, (2.16) 

where: 

6." = e,° restricted to M, Chr? ) 

Now, let (x*) be an arbitrary coordinate system on M. Set: 
6.° = b, dx’, (2,18) 
t 1G) 

(The nae are. the funetitons used in the text). Also, 


Ae = Cee (2.19) 


Set: 
pes (se ores (2.20) 


This quadratite differential form on M is called tts second 
fundamental form. (The "first" fundamental form is the 
metrte ie a It is extrinsic, t.e. tt depends on the em- 
bedding of M as a submanifold of Ro. 

Now, conditton (2.18) ts equivalent to the following 


one: 
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Bee & Baec Cae 


In turn, (2.21) tmptves: 
B = Bp 7", (2598) 
Poe (Be 3) is the matrix of the quadratie differential 


form with respect to the moving frame (wo). 


We can now develop the curvature relattons. Re has 


zero curvature, hence: 


Restrtet this relatton to M, and set a =%t, b = j: 


1 Se Ear a ot 
dw, = Oy A DE 


Now, 
du.” ae PU aE sad gr A ae (2ezar 


where K denotes the Gaussian curvature of M. Combining 


(2.24) and (2.25) gives the following relation: 


[oes oe 6 = & 
Ko ha == 6, A 8. 4 (2, PRD 
Use (2.19) 
Pa gee ane k ) 
Oo. A e Pz go A Pre? 
ae k 7 
= Pee tera? 8 Oo: 


Thus, we have: 
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(5 Bee 
= Pipesy ~ Praha: 
Relation (2,27) has been obtained from (2.23) by 


setting 


Then, 
Le =e i ae aed (2.28) 


Formula (2.27) ts called Gauss' formula. (2.28) are 
ealled the Matnardt-Codazat formulas. They are the Funda- 
mental Formulas of surface theory. It ts readily vertfted 


that (2.28) is equivalent to the relation (2.4), t.e. 


2) (2.29) 


ig.k ~ Paks 
Suppose now conversely that M is considered as a 
Riemannian mantfold, with tts metrte ds* given intrinsically. 
Suppose that B ts a quadratie differential form on M, which 
satisfies (2.29), i.e. that the covartant dertvative of 8B 
with respect to the metric de® ts a completely symmetric 


3-tensor. We shall show that there ts an embedding of M 


as a submantfold of R° such that the metrie ds’ is induced 
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on M by the flat metrte on R°. (Such an embedding ts 
ealled an isometric embedding.) 

Woy Ger ARE. (eRe ue be an arbitrary orthonormal 
moving frame for the metrte ds” on M, and let (0%) be an 
orthonormal moving frame for the flat metrtie on ave 

Let w,7 be the 1-form such that He = ane A poe 


J 
a. +O,” = 0. Let 8” be the 1-forms such that 


a _ a b a b 
Ere IO Or ye See re os ea 
Suppose: 
2 ta 
2 ee ) 
Set: 
= 35 _ 5] 
os = tea” 6 


(Thus, we are just reversing the preceding definttions, 
starting off now with (wo, 0%) as arbitrary moving frames. 


Constder the manifold 


and consider the forms iia eae wo," , ee on M x nes, 


pulled back wtth Cartestan projectton maps. 


Constder the following differenttal forms on M x Ros 


ae a een 


3 3 
4) meee 
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d 7 
6 a =e ae 
7 ces "4, nF 
4 G ae 
" a ae =e 
1 L zs 


Let 1 denote the FP(M x R® )~-eubmodule of Pry x R?) epanned 
by these 1-forms. Conetder it ag defining an extertor 
differential ayatem. An inteyral mubounio 4 th o nyse - 
mantfold of M x R° such that all the forme tn are sero 
when restricted to that submantfold. 

It t8 now readily seen that (ae a consequence of the 


Gauss and Matnardi-lodaunt equariora, hin wpeban Lh note 


pbetelyetnivegmotie, inc. dealing a Stoliatign af yh 70P 
(See DGCV) Further, the leaves of thts foltatton are #t- 
dimenstonal aubmantfoldz, uhich locally gre toe gragen of 


submantfold mapa 
ele 


These mape are tne tagmetric enueddiagn vf tha Mlemmnnnian 
mant fold M, whieh are determined ny giving tne neaund Sunag- 


mental form 8. 


3. SURFAGES WITH CTR PROP ENA INS Oe bee 


Suppose given a quadratic differenstia] form « om 4 


2-dimensional manifold M1. One yone@ral Gretier it to 
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recognize whether embeddings of M into R? exist, such that 


3 restrict to », and which satisfy certain 


the flat ds* of R 
conditions which are fixed in advance. In order to do this, 
equations must be added to the isometric embedding equations. 
The integrability conditions of the resulting system must 

be found. If they are compatible, the resulting system of 
equations is the one which determines the unknown function. 

This is the classical method. Typical problems are 
to decide whether surfaces with a given metric exist which 
Bucs plc, Oi COMGiceliMe WEN SUNGeheMO, Sie. We wesrewileie 
ourselves here to pointing out that the known theorems on 
the deformation of such types of surfaces may be proved 
very naturally using our methods. 

In particular, we have used these methods to determine 
when a given metric admits an embedding as a second degree 
surface, i.e. as a quadric. (See Ricci 1895, "Lezioni", 
Second Part, Chapter VI). This problem, which had been 
solved only for the sphere, is now finished for an arbitrary 
quadric. One may, using simple finite operations, decide 


if a given form » may be the metric of a second degree 


surface. Up to a rigid motion, there is at most one surface 
with this property. 


Remark: Here ts what ts meant by the problem of defor- 
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mation in the elassteal literature. 

Let M be a 2-dimensional submantfold of R®, and let 
o be the Rtemannian metric induced from the flat metric 
de” on nee A deformation of this surface is another sub- 


mantfold mapping 

Lie i Be 
such that: 

as 2 = 

we (eky) = ay, (aire 
such that t does not result from a rigid motion of Ro 
For example, tt ts a famous theorem that a compact, 2- 
dimenstonal Rtemannian mantfold of positive Gaussian curva- 


ture admits, up to a rtgid motton, exactly one tsometric 


embedding into Ree In the classical language, it ts tnde- 


formable. 


4. GENERALIZATIONS OF THE THEORY OF SURFACES TO n-DIMEN- 
SIONAL SPACES 


The general ideas of the preceding sections generalize 


easily to the case of n dimensional submanifolds of i. 


which are called hypersurfaces. The formulas are a special- 


ization of those given in the preceding chapter, which 
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express that the metric is of the first class. 


Remark: Rtecet and Levi-Civita now proceed to write down 
these generalizations. Stnee these formulas are quite 
eomplteated in thetr formaltsm, wtll present them tin 
Cartan's way. 

Choose the following range of tndtces and summation 


conventtons: 


iS a. a = 


ES Gin fey SS aeerdl 


Let M be an n-dimensional submanifold of Rt. Bet (9%) 
be an orthonormal moving frame of 1-forms in RO such 
Bene S 

Cee = 0 on M. 
Set: 

Be = 9? restricted to M. 


The (»°) are an orthonormal moving frame of the induced 


metrte on M. 


Let (0,7) be the forms on Rr"! such that: 
a a b 
dé =O. teas 
ones os 
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SOwS 
wo,” = 6,9 restricted to M. 
re = bite restricted to M. 
7 ia 4 : é. 5 ntl 
Oe = 0 +1 restrteted to M = - o. 
B = Ss * w = second fundamental form of M 
ey 
= pee Ona 
The conditions expressing the flatness of the metric 
on oe? are: 
deena, 6” = % 
a e 


Restrict these condittons to M, obtaining the following 


relations: 


Set: 


£0 
Gy 
u 
a 
€ 
3 
ep 
\ 
& 
= 
€ 
= 


Riemann curvature tensor of the 


induced metrte on M. 


Thus, 
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or 


axe. ~ & PRR, Ookla (oe 


This ts the generalization of Gauss' formula. It can be 
put into the form gtven in the text by Rieet and Levt- 
Civitta by transforming frames from (ord to EEO where 
(x?) ts a coordinate system for M. 

To define the Mainardi-Codazai equations, start wtth 
the following formula on ee, part of the econdtttons ex- 


pressing the facet that tt has zero curvature. 


Gy = Bo eee (4.2) 
t dj t 


These are a set of differenttal equattons which must be 
satisfted by the second fundamental form B. They ean be 


written itn tensor analysts language as: 


Pegsk ~ Periz? 
Z~.e. the 8-covartant tensor 
(iB. 
OB ak 
ts completely symmetric. 


There ts another approach to this question whitch goes 


back to Darboux' methods in his "Theorte des surfaces." 
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+ : i ¢ 
Replace ie by G, the Lte group of rigid motions of Roe 
grt ts a coset space of G. This method has the great 


advantage of generalizing to other homogenous spaces, thus 
enabling one to develop a theory of submanifolds of other 
geometries, @.g. projective and conformal. Cartan himself 
extensively developed this approach. I shall now briefly 
indteateée how it goes for the partteular case: 


G = group of rtgtid motions of ue 


G ts of dtmenston 


(nt+1) (n) 
2 


_ (nti) (nt+2) 
i: 2 


+ (nt1) 
The veetor space of 1-ditfferential forms on G which are 
invariant under left-translation has a basts labelled as 


follows: 


a 


a 
(e735 0) 7. 


These 1-forms satisfy the following structure relattons: 


te then completely integrable. Its maxtmal integral 


manifold which passes through the identity element of G 


(ff ts the sxbgroeup of rigtd motions of R 
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which ts tsomorphte to 


urs apa 
Z ** which leaves 


gin fized - hence ts linear - and which have de- 


thst 


iF Pie 3s 


iit 


r"*l ss the coset space G/H. We shall 


pnt : 


i 


M be a mantfold of dtmenston n. Leta bea 
tence) Seem ch ¥ ties Sesizeeve 


a arenarn 


Let 8 be another quadratic differential 


be a moving frame for M which is orthonormal 


ee a = ee : : “ae 
Ragtewit? > > | q Sane ey au ey , 
ig a Ce 2H FES SOP PSAPs Fry 


é —@s 
q i 
- = & 6 
§ x 
= 
wa. & SS Fe a 
=. <a ewe rr ae I ney 
— 
oo ae: 
- = % 
= 
~ z peer —: 
- 3 my 
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It ts readily verified that this system is completely 


integrable (i.e. defines a foliation of M x G) tf and only 


tf » and B are related ase follows: 


p and B satisfy both the generalized Gauss 
and Mainardt-Codazat Equattons. 
If these condtttons are satisfied, then the following 
econclustons can be derived: 
The leaves of the foltatton are (at least 
locally) graphs of mappings M+ G. Follow such 
a mapping with the projection G + G/H = oe 
and obtain an tsometriec embedding of M as a sub- 
mantfold of Rrra with B as the second funda- 
mental form. 
There its also an important group-tinvartance property. 
The forms Qe, 6," are, by definition, tnvartant under left 
translation by elements of G. Let G aet on M x G as 
fotlows: 
The translation of (p,g) € M x G by Io € G 
ts (p, Jo9)- 


Then, we see that the exterior differenttal system is 
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invariant under this action of G. In particular, tf Gauss- 


Matnard-Codazati is satisfied: 


The transformation of a leaf of the foliation 


by a rigid notion is again a leaf. 
Projected down to R", this implies that: 


Two tsometrie embedding of M with B as second 


fundamental form differ by a rigid motton. 


5. GROUPS OF MOTIONS OF A RIEMANNIAN MANIFOLD 


Let » be the quadratic differential form which defines 
a Riemannian metric on a manifold M of dimension n. Let 


(x7), 1 <i, j <n, be a coordinate system for M. Let 


ee eee 
ax 
be a vector field on MN. It generates a one parameter groun 


of motions of M. We say this group is rigid or defor- 
mation-free if each element of the group preserves distances. 
The condition for this is that the Lie derivative of » by 
X is zero, or, alternately, that the following relations 


be satisfied: 


ee ae Coe) 
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These relations are due to Killing [1892], and a vector 


field X satisfying them is called a Killing vector field. 


Remark. Recall that X a denotes the covariant derivative 
- + 

of the contravartant vector fteld wtth respect to the 

metrite tensor p. In modern notations, relation (5.1) ean 


be wrttten as: 
e(VyX, Z) + e(V,X, Y) = 0 (535 By) 
for Y, 2 € V(M). 
ret 
X = pY, (5.555) 


with Y a normalized vector field (i.e. »(Y, Y) = 1), pa 
function. Y defines a congruence. 

Setting relation (5.3) into (5.1), we have the follow- 
ing theorem, which is a natural generalization of the 
situation for surfaces. 

Let C be a given congruence on the manifold M. In 

order that the curves of C be orbits (after change in 

parameterization) of a Killing vector field it is 
necessary and sufficient that the following conditions 
be satisfied: 


a) Each system of (n-1) congruences which forms, 
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together with C, an orthonormal system of con- 
gruences is canonical with respect to C. 

b) Let C’ be a congruence which is orthogonal to C. 
Then, either C' is geodesic, or its geodesic 
curvature at each point is perpendicular to the 
curve of C passing through this point. 

c) C is a normal congruence, and the one-parameter 
family of hypersurfaces which is perpendicular 


to C is isothermal. 


Consider the case where M is 3-dimensional and X is 


A talililsooye Watereepe sentciiliel,  Jlsie 


Go 
a 


be the covariant components of X, and let see be their 
covariant derivative. The Killing equations (5.1) then 
assert that Rij is a skew-symmetric tensor. Hence, it 
may be written in the form 


= k 
ase = € 55x? 


5 Gr) 
(can) is the completely skew-symmetric tensor defined in 
Chapter I, Section 3, 

Introduce an orthonormal moving frame [1], [2], [3] 
into M. Let Xi", z;' be the components of X and Z with 


respect to this moving frame, defined by the following 


equation: 
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os 
vif 


Jax. [4] 
Ss (5.5) 
Zo oe Zr; Li}. 


Remark: Reeall that he) are the components (with 
respect to the coordinates (x) of the vector field [7]. 


Conditions (5.4) then take the following form: 


Bota Uae ; 
il 3 
SS | Fag the! (56) 
c= jo. Jt) 
ax,! 3 : 
= 2 Y. X a Sho 
OSi47 ja1 J(it2) j L+Z ( ) 
Ox | So 
a a, U 
Se UNE rs Gr 4 7h (S68) 
9S549 j=l 5) (Gee rhs 2eh 
We also have the following integrability conditions: 
a i i ' 
—— = ¢£ a othe : oe 
os, k=1 (145 i Y(i+2)5°jr+l 
(5.9) 


ins 
Y5 (i+1)%5 +2) 


Remark: In (5.6)-(&.9), the summation conventton te not 
in force. The authors are using the spectal convention 


(for n = 3) that indices differing mod 3 are tdentical. 


Remarks: I will discuss some of the general probleme 
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suggested by thts material. 

Let M be a (posttive definite) Riemanntan mantfold 
and let G be a group of tsometries of M, t.e. each g € G 
ts a diffeomorphism of M which preserves the length of 
eurves. In order to be able to use certain technical tools 
of differential geometry and Lie group theory, we make the 


following assumptton: 


G ts a elosed subgroup of the group 
(6.10) 
of all tsometrtes of the metric. 


(It is known (see Helgason [1]) that the group of tsometrties 
ean be made into a Lie group, whitch acts in a smooth way 
on M. "Closed" refers to the Lte group topology on the 
group). 

Hence, by a theorem of Cartan, G itself ts a Lte group 
and acts smoothly on M, i.e. the map 


Gx M+M 


defined by the transformation group action is C. 

The followtng property is very useful in deducing 
general properties. It ts only true if G aets as a group 
of tsometries of a posttive metric: 

The transformation group map G x M>+M 
ts proper, t.e. the inverse image of a (Cig dl) 


compact subset of M ts compact. 
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As for any transformation group, the actton of G on 


M defines an equivalence relation: 


Points p, p' € M are equivalent if there ts 


ag€G such that 


(See "Interdtsciplinary Mathematics," vol. I, for general 
algebrate concepts related to transformation group actions.) 
The equtvalence classes are called orbits of G. The space 


of equivalence classes, 
G\M, 


ts called the orbit space. In this section, Rteet and 
Levt-Civita are econeerned with properties of the orbits 
and the orbit space tn case G ts a one-parameter group, 
and the orbits are one-dimenstonal submantfolds. I shall 
attempt to cover the general case. 

The first questton ts: What type of topological- 
manifold structure ts tt natural to put on G\M? In DGCV, 
I have deseribed a metrie space structure on G\M - this 
of course defines a topology. 

Let us examine the manifold structure questton. Let 
G, be the connected component of the identity of G. G, 


is an invariant subgroup of G. The orbits of G, define a 
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foliation of M. (A foliation of a manifold M ts an equtva- 
Lenee relation on M, whose equtvalence classes are con- 
nected submanifolds of M). The quottent group GNG, acts 


on the orbit space GNM. It is readily seen that this 


aetton preserves the metrte space structure on GNM defined 
~ as explained in DGCV - by the given Rtemanntan metrte on 
M. Thus we can seperate the problem of studying orbit 
spaces into two parts - first orbtt spaces of connected 
groups, then discrete ones. 

Suppose then that G ts connected. In the elasstical 
literature, one usually assumes everything ts "non- 
singular." In thts case, thts means that the orbits are 
of constant dimension. Let us also suppose that this con- 
ditton ts satisfied. (See DGCV for what can be said more 
generally.) 

@, the Lie algebra of G, ts a Lte algebra of veetor 


ftelds on M. The foltation defined by @ is non-singular. 


Definition. The foliation ts satd to be regular if the 
space of leaves (in thts ease, G\M), can be made into a 
manifold in such a way that the projection map 

v: M > G\M which assigns to each point p € M the orbit 


on which tt lies is a submersion map, t.e. 
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m,(M,) = (G\M), cp) 


for atl p € M. 


H. Sussman has gtven:a very useful and econventent 


necessary and sufficient set of condittons that a non- 


singular foltatton be regular. He requires that: 


a) 


b) 


The set of potnts of M x M of the form (p, gp), 
with p € Ms g € G, te a closed subset of M x M, 
Let § be the set of vector fields X on M such 
that the one parameter group generated by xX 
maps each leaf of the foltation into another 
leaf. (S ts called the symmetry Lie algebra 

of the foltation). Sussman's condition is then 


that: Sp) = M, for all p € M, t.e. that S$ act 


transitively on M. 


Sussman's condittons apply to general non-singular 


fottattons. In this case - where the leaves are orbits 


of a closed, connected group of tsometrtes, we can show 


that a) te always satisfied. For, suppose 


(Pi> G1? (Po. Jolsees 


is a sequence of points of M x M, each of which lies in 


the same orbit, and which approaches a Limit (p, q) as 


a, 


Tere 
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Lim p; = Pp 
=-—20 t 
Cimeq. = 1. 
Baca) 
vu 
22 mesSheccs: her) 268 IF, 2 fice Se Bat Game 


From the theorem that the transformation group action 
Gx M-+>M is proper, we see that a subsequence of the 
1a) must converge, say toag €G. Then, we have: 

q = gp, t.e. (p, q) lies on an orbit, and we have proved 
that eondition a) ts satisfied. 

Unfortunately, I do not see any useful general con- 
ditions which imply that condition b) is satisfied. 
Perhaps this is a suitable topie for further research. 

Let us now suppose that the foliation is regular, in 
the sense that G\M is a manifold. What are the differ- 
ential geometric properties of G\M? Especially, can one 
SOS 2 BES odie APRS sc 
(Notice that Ricci and Levi-Civita do this here, in ease 


G is a@ one-parameter group.) Wow, one general property 


sees " —s z a . : B r 
2 3 yee Ss se Se a a acta 
DD ACCT Da, ANIL GOS Dl -PHe Sasa SEES Sep ee 
ee sey a ee — a 
COLES GS PBC TERRA Cf 2 aes See See, See one. 
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(Thetr properties have been discussed by, among othere, 
B. Reinhart (who wae the firet), the author and B. O'Heill.}) 


it t8 easy to see that the natural projection map 
Por PRO 


has (in the regular cane) tats “lemgnniar. mapmersion sroger- 
ty. Ktect and bevi-Ctvita's remerre seggent “voorgeut Lemet 
ag 


that an interesting geometric problem might be: 


Find the further properties that a Rtemannian 
eubmeraion muet satiefy to imply that it be te 


the orbit epace of an teometry group action. 


AGEDPAChKG EO CHE GLALENENtE tH tne Seelte., Plect tae done 
thts for foliations with 1-dimenatonal Leaves. 

In order to develop some ineight into this problem, I 
wilt develop, in Section 8 at the end of thie chapter, the 


general yeometrice sropertiea of riemanrnian auaneretone. 


6. GOMPBETE STUDY OF TH GRONPS CF MOTION OF THREE 
DIMENS TONAL RIPMANRI AN MARTPOMIS - PESOLUTTOX OF 
THE PROBLEM OF RECOGNIZING IF A THRER DIMENSIONAL 
RIEMANNIAN MANIFOLD ADMITS A GROUP OF MOTIONS, AND 
OF DETERMINING THE GROUP 


Intransitive groups. Ina 3-dimensional Riemannian 


manifold M a one-parameter family of surfaces may be 
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represented (as explained in Chapter 2, Section 3) by a 
covariant vector field which represents the congruence of 
its orthogonal trajectories. Let us be given such an 
object, and ask whether M admits rigid motions which trans- 
form each of the surfaces into itself. First, we remark 
that, from previous work, one may regard the problem as 
solved when the motion group has one-dimensional orbits; 
this of course happens for one parameter groups. 

This said, consider, in equations (5.7)-(5.9) of the 
preceding section, the congruence [3] as the orthogonal 


trajectory of the family of surfaces. One will have: 


t= 0 (6.1) 


Remark. Recall the notations, using Cartan's moving frame 


notations. Let (w’) be an orthonormal moving frame for M. 


determines the family of surfaces. X ts a Killing vector 
field resulting from the group of motions. x! denote the 
covariant components with respect to the (w’) of the veetor 


field X. 


Equations (5.7)-(5.8) give the following relations: 
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: 3 "= 0 6.2 
es (6.2) 
3 
3 ! 
(oS) “ae ; 
1 j=1 3? j (G3) 
5 
3 ' 
Tee Sey XK. |S : 
2 ree j (6.4) 


If (6.2) is not satisfied identically, it determines the 
orbit of the group as one dimensional submanifolds. If, 


to the contrary, (6.2) is satisfied identically, one has: 


3 
a0 = 55” « (6.5) 


V3 
These equations tell us that the congruence [3] is geodesic. 
Hence, we have the following result: 


In order that a 3-dimensional Riemannian manifold 
M admit a rigid motion group of more than one 
parameter, which leaves invariant each surface 

of a one-parameter family of surfaces, it is 


necessary that these surfaces be geodesically 


parallel. 


Remark: The theory of Riemannian submerstions, descrtbed 


tn Section 8, covers this result. In this language, Riect 


and Levi-Civita assume given a submersion map 
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ee WY ste IM 
with: 
eam ie = i, 


t.e. the fibers of n are 2-dimenstonal submanifolds of M. 
They assume given a connected Lie group G, acting on M as 
a@ group of tsometries, whitch maps into ttself each of the 
fibers of nm. They (tmplicttly) assume that the aetton of. 
G is "non-singular," tn the sense that tts orbits are of 
constant dtmenston. 
The first case is that where the orbtts are all 1- 

imenstonal. Here ts the result whieh covers that stitu- 


atton. 


Theorem. Suppose G has all one-dimenstonal orbits. Then 


G ts ttself one-dimenstonal. 


Proof. Let p be a potnt of M. If G were not one- 
dimenstonal, there would be a one-parameter subgroup 
t + g(t) whieh acts as the identity on the orbit 
Gp 


of G through p. Now, by assumption, G maps into itself a 


2-dimenstonal submanifold N (the fiber of 1) passing 
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through p. Each g(t) acts as isometries, hence leaves 
tnvartant the tangent veetors to WN which are perpendicular 
to the orbit Gp. Hence, g(t) Leaves each point of N in- 
vartant. Again, g(t) leaves invariant the tangent vectors 
to M whteh are perpendicular to N, hence also leaves fixed 
the geodesics they determine. Hence, each g(t) aets as 
‘the tdentity on M, which ts the contradiction. 

Constder the case now where the orbits_of G are 2- 
dimensional. They then ftll up the fibers of 1, t.e. the 
ftbers of w are orbits of an tsometry group. As proved in 
Section 8, the submersion map un ts then Rtemannian, and 
the ftbers of nw are geodestcally parallel. 

Let us remark that, because of Equations (6.1)-(6.4), 


the unknown functions reduce to three, namely: 


These must also satisfy Equations (5.7)-(5.9), which ex- 
press the partial derivatives of these three unknown 
functions in terms of the functions themselves and known 


quantities. One concludes that: 


A group of isometries which leaves 
invariant each fiber of nm is at most 


3-dimensional. 
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Remark: Here is a more precise result. 


Theorem. Let G be a connected group of tsometrtes of a 
connected, 3-dimenstonal Riemannian manifold. Suppose 
also that G leaves invariant a 2-dimenstonal connected 
submanifold W of M. Then, G ts at most 3-dimenstional. 
If Gis 2 or 3-dimenstonal, then N ts (in the Rtemanntan 


metrte induced from that on M) of constant curvature. 


Proof. Again, we will show that every one-param- 


eter subgroup 
B => Bd 


of G must act in a non-trivial way on N. Suppose other- 
wise, t.e. each g(t) leaves each point of N fixed. g(t) 
then leaves fixed each perpendicular tangent vector to N, 
hence leaves tnvartant each perpendicular geodesic. Hence, 
g(t) leaves fixed each point of an open neighborhood of N. 
Sinee M ts connected, g(t) acts as the tdentity on M, con- 
tradictton. 

Henee, G ts determined by tts actton on N. Wow, one 
ean readily prove that a Lie group of isometries of a 
2-dimenstonal Riemannian mantfold is at_most 3-dimenstional, 


and tf tt act transitively, (which will happen if 
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dim G = 2 or 8) N must be of constant curvature. 

To finish our work, it would be necessary to discuss 
the full system of equations determining the group. A 
convenient choice of moving frame [1], [2] would make this 
discussion relatively easy. We cannot go into it here. 
Among the results to which one is led we restrict ourselves 


to citing the following: 


If a manifold M admits a group G of rigid motions 
of the kind considered just before, i.e. which 
leaves invariant a l-parameter family of surfaces, 
then at a point of M the principal directions are 
given by the normal and principal tangent vectors 
to the surface passing through this point. The 
principal invariants of M, are invariant under 
the group and have a constant value on each 


surface of the family. 


Transitive groups 


Here are the results obtained in case G acts transi- 
tively on the 3-dimensional Riemannian manifold M. 

In order that G act transitively, it is necessary that 
the principal invariants (of the Riemannian metric) be con- 


stants. Denote these invariants by 
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Cie Cae CR 


Remark: C15 Cos Cz are the eigenvalues of the Ricet tensor 


of the metrte on M. 
There are three cases to consider: 


1) 


2) Co 
3) Cy # Cos Cz # C5 Cy # Coe 


In the first case, the manifold M is of constant 


curvature, and G has at most six parameters. 


In the second case, the invariant Cy corresponds to 
a principal congruence [1] which is unique and determined; 
Cos Cz correspond to congruences [2], [3] such that [1], 
[2], [3] determine @n orthonormal moving frame for M. G 
will be transitive and 4-dimensional provided that the 


following additional conditions be satisfied: 


ay) The congruence [1] is geodesic; For each 
orthogonal congruence [2], its geodesic curva- 
ture is perpendicular to the lines of [1], [2]. 
b) The rotational coefficients 37> ‘yee have 


constant values, and their sum is zero. 
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In the last case, the orthonormal frame [1], [2], [3] 
is completely determined. In order that G be transitive, 
it is necessary and sufficient that the rotational coef- 
ficients of the moving frame all be constants. If this 


condition is satisfied, then G has exactly 3 dimensions. 


Remarks: The modern verston of this matertal would be to 


elasstfy groups of tsometries of all 3-dimenstonal 
Riemanntan manifolds. I will now deseribe some results 


which can be obtained by modern techniques, and whitch are 
tn the sptrit of the matertal sketched by Rtect and Levi- 
Citvita tn thts section. 

Let M be a Riemanntan mantfold, and let G be a con- 
nected Lie group of tscmetries of M. Suppose, in addition, 
that G ts a elosed subgroup of the group of all tsometries 
of M. 

A point p € M is said to be a maximal point of the 
aetton of G tf: 

dim (Gp) = dim (Gp') 

for all p’ € M. 
The set of all maximal orbits forms an open subset of M. 
(See DGCV, Chapter 25, for the baste material.) 


Given a point p € M, let 
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GP = {g € G: gp = p}. 


GP is called the isotropy subgroup of G at p. 

A potnt p € M is called a principal point (relative 
to the action of G) tf p its a@ maximal point, and if GP 
has a minimal number of conneeted components, compared 
wtth the other maximal orbits. 

Let N be an orbit of Gata principal point p. Here 


is a@ baste result. (See DGCV): 


GP leaves fized each geodesic of 
(6.6) 


M which ts perpendicular to N. 


From this, we deduce: 


Theorem 1. Suppose a g € G acts as the identity on NW. 
Then, g acts as the identity on M. In particular, G is 
tsomorphic to a transitive transformation group on N. 


= ~- — - = : . = = 7 
aa sy a edema > ke me ove . > > - 5 
My PS Ee eae Sl. =f FRR Pee EPR STG Fe wis wee 


are 


dimenstonal, then G is a@ one parameter group. If the 
principal orbits are two dimensional, G ts tsomorphic to 
@ group which can act transitively on a 2-dimenstonal 


Riemannian manifold of positive curvature. 


x. 


@, the Lie algebra of G, is identified with a Lie 
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algebra of vector ftelds on M, i.e. with a Lie subalgebra 


of V(M). Denote the Rtemanntan metric by ». Let 


dP 
denote the 3-dimenstonal differential form on M which is 
the volume element relative to o. (d op ts characterized 
by the property that tts inner product under » te +1). 
Given KX € G, tt defines a Killing vector field on M. 
For Y, Z2 € V(M), set: 


Oy (Y, Z) = o(V yx, bebe GGiz) 


The Killing equations imply that w 


Y ts a 2-dtfferenttal 


form on M. This defines an R-linear map 


X> wy 


Cp Lees F?(M). Let us investigate tts properties, relative 
to the Lie algebra structure on &. 
Suppose Xi. x» are elements of G. Lie derivation by 
X, ts an infinitesimal automorphism of the affine connec- 
tion. Thts means that: 
[X,. VyZ] = "ag, yy2 + Vel eae oe (6.8) 
for Y¥, 2 € V(M). 


Hence, 


1) = (Xp, VyXpl - My yyXqe 66-9) 
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caus, waiting (6.9) and (8.7): 


on li 2) = @(VylX,, Xo], 2) 


= o([X,5 Vyto], 2) - mares y)*2 ae 


i 


using the faet that the Lie derivative of 


S 


«& 
os 


q by ¥y fs sero. 
= OV os [X,5 =)) + X, (OVX 9, 2)) 


= 3 24 ele 
*Vrrpeeayre ° 


. . 
eee then that we hares 


(6.10) 


MS NOW apestalise to the ease eonstdered by Riect 


ea. 7908 
ye 
see 


@ Fae Yeator Jizig on N sweh that: 


Sit) jayp = ay. (6.220 
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(Here we use the fact - which is baste for the success of 
elassical vector analysis - that the space of tangent 
veetors ts tsomorphte to the space of 2-covectors.) It is 
this map 

6: & + V(X) 
which the authors use in the text. It intertwines the 
BALLON Of G, 1.8, 

[X,5 5(X,)] = 5([X,5 Xo) - (em ey 

for Xis X 5 Car are 

Now, let us suppose, as itn the text, that an orbit of 

G is a 2-ditmenstonal submanifold N of M. Let S be the 
second fundamental form of S. The action of G leaves S 
tnvartant. Now, S and » are both quadratte differential 
forms on N whtceh are tnvartant under G. In particular, 


the trace of S ts tnvartiant under G, 7.e. 
N has constant mean curvature 


(For the signifteance of this fact, see Sectton 8.) 


Let us now consider the ease where: 


G_acts transitively on M. 


Given a point p € M, the Rtemann curvature tensor R 
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tse a quadratie form on the vector space 


Sinee M tis 3-dimerszonal, M_ me 
~ - 


rey 


Thus, R is identified with a quadratic form on M,. (This 


te, in fact, essenrially Sdenrteeay Dit hmerne Recek coun 


tensor of the metric). Lete e ec, denote the eigen- 


Teh ass 


values of quadratic from an M,, determined by R. 
Now, R ts invariant under the action of G. Hence, 
Cys Cos Cz are constant on M, (6.13) 
To derive the consequences of (6.13), let 
(Cs ee oe ee ev (6.14) 
be an orthonormal moving frame of 1-forms on M. Let 
dj 
(a, 4) 
be the corresponding connection forms, and let 
9.4 
Z 
be the curvature forms. 
Suppose that the moving frame (w) . jg chosen to be 
the eigenvectors of R, with eigenvalues c,, Cos Cg. Then, 


the following conditions are satisfied: 


Q,° = e,0 Ao (6.15) 


GEOMETRIC APPLICATIONS 189 


é 5 
2, = C0 A w (fala ahet): 


9 = 0108 Aw (Cela Free) 


As we have seen, the tranetiivity of G, as a group of 
taometries, tmplies that the Cis Cys Cz are constants. 
Combine relatione (6.1&)-(6.17) with the following 


Riemannian atructure relattone: 
do) - 0," n of = 2,9, (6.18) 


We wee thal they tmply that there are constants Cay suen 
that: 


dw” = Oy, A re (6.19) 


We recognize that (@.19) means that M is diffeomorphie to 
a 3~dimenstonal Lie group H such that the forme (o") are 
tdentified with the left invartant 1-forme on H. Since 
the metric » te 

B+ 0! 


~ DD * 
Fe) 4 


we see that the metric » te tnvariant under left trans- 
latton by H. 


We can now eum up aa followe: 


Theorem, very homogeneous %-dimenstonal Riemannian mant- 


fold ts isometric to a left-translatton-invartant metric 
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~, RELATIONS BETWEEN THE PRECEDING RESULTS AND THE 
RESEARCH OF LIE AND BIANCHI 


The research that we have just described is closely 


fo oon the arehbem of Riewmann-Holmivelt = 


- z wi iy = . a: 
ame teet Of Siemehs (8327) em 3-asens Ona! seeGes Fritch 

= —-ant +e ss |= wtierts = . = : aa 5 
eemeo a sonmectTel spoupeot rigiG motiens. HS has Get opaumed 


in convenient coordinate systems, all the isomorphism 
of Lie seeups thet aypeer @s muotbens end! the im- 
variant metrics. 


os Sec la0n 


y 
u 


we Pewe ceansiderea the fullowing question: 


Given the metric tensor » of a 3-dimensional 


= mannii - s-en i = ~ = - ny 5 ey > oi ; = sy 7 » 7 ~ 
RDemnennlow garni fGic, Gectermine if &€ Ghimets 1rigies werions, 


ac ell, aad elsewdesergéa@e ihe “lll exeupeof such semiene. 


tatrecremeen.” rob. Pi). Te see this 
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connection, recall that in Section 6 we have considered 
two Killing vector fields X and Z whose components satis- 
fy the following relations: 


ae = €ijK?k: 


When the manifold M is Rr? 


» With the Euclidean metric, Z 
can be considered as an infinitesimal generator of a one- 
parameter translation group, while X is the infinitesimal 
generator of a group of rotations. Following the ideas 
of Section 4 of the preceding Chapter, we may form these 


equations in an arbitrary Riemannian manifold M. We see 


igi t 2 


M has constant curvature if and only if there 
is a Killing vector field for which the com- 
ponents of translation and rotation take on 


arbitrary values. 


This gives a precise kinematic meaning to the words 


of Riemann (Gesamelte Werke, p. 264) on the subject: 


The common property of constant curvature mani- 
folds can be expressed by saying that figures 


may be moved arbitrarily without deformation. 


If we consider a 3-dimensional Riemannian manifold 


which possesses a 4-dimensional transitive group G of 
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Diggidmatdons, the transiatien part may be chosen arbitrari- 
Iv, bot theerotation is only about one axis. When the group 
is 3-dimensional, there is no rotational component. 

Finally, we remark that these results answer - at 
least tor the case ot S-dimensional manifolds - the problem 
which has been posed as a competition by the Jablonowski 
faculty for the year 1901. 

We also point out that these results may be described 
Without using group theory, although we do prefer to use 
its language in order to present to the reader the full 
spirit of the work and to point out the connection with 


what we already known. 


8. RIEMANNIAN AND ISOPARAMETRIC-ISOTHERMAL SUBMERSIONS 


Let M, M' be Rtemanntan manifolds. (For simplicity, 
we SISOS RS The Ree wNeT PT is positive, although 
it ts possible, using the tdeas developed in Vol. V of 
IM to extend the development to the non-positive case.) 


Let 
nr: M>M! 


be @ submerston mapping. Suppose » and »' denote the 
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Riemannian metrics on Mand M'. Take » and »!' in their 


econtravariant form, t.e. » t8 a bilinear, symmetric form 


on 1-differenttal forme. 1 ts satd to be a Riemannian 


submerston tf the following conditton is satisfied: 

wtw,(o) =o". (8.1) 
Reeall from IM, vol. V, that (8.1) meane the following 
eondttton: 

p(n* (0), m*(6,)) = T*(p'(8,, Oo)) © Cd) 

for 015 8» € Fic"). 

This condition ts also satd to define n ae a metric 
homomorphism. Suppose from now on that it tis satisfied. 
Choose tndtees and the summation conventton aa 

follows: 
LS he, 9 =e = chew so 


n+i1i*<sv, u<zm = dim M 


EEE he [ol Sit dim M. 


Let (@”) be a moving frame of 1-forms for M' which 
ts orthonormal wtth respect to thé metric 9’, This meana 
that: 


p'(e*, 07) = 54, (8.3) 


Set: 
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ow” = n*(e), (8.4) 
Condition (8.2) implies that: 


Olan. wo) = nr (p'(e”, ey )) = 6°9, 


6 t . ee: ; 
Z.e. tne (0 } are ortnonorma: with respect to the metrte 


One can now find additional 1-forms (w*) on M, such 
that the (are wo) form an orthonormal moving frame for the 
metric ». A moving frame of this type ts satd to be 


adapted to the submersion. (M has a G-strueture, in the 


sense of Cartan, where G = O(n) x O(m-n). The (aoe w*) 
are moving frames adapted to this G-structure.) 
Let (6.93 be the connection forms of the moving frame 


(0"), and let (a,”) be the connection formes of the moving 


frame (a?) = (a, ae By definttton, we have the following 
relattons: 
dé = 0." vn oY F 
J 
See rc aaeds) 
5 z 
a a 
ali Op, A wy, 
a b 
Oy + aes 0 


Sica 


a = Yee (8.6) 
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Using (8.4), we have: 


We see from this relation that: 


nO 5°) = ie (8.6) 
: i : 

on a (8.7) 
t 4 

mero” Ge Garay) 


Conditions (8.6)-(8.8) are the first order conditions 
tmplted by the Rtemanntan submerston relations. 
We can transform relations (8.6)-(8.8) into a basis- 
independent form. To do this, let 
(x) 
be the basts of veetor fields on M whtch are dual to the 


basis (w*) of 1-forms. This means that 


0 (Xp) = 6, 

Hence, 
14 (X) = 0 (8.9) 
1  (X 5) = Y; 
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are the basis of vector fields on M dual to the (9"). The 
veetor *telis z are verttea. atenereseees coocheec eee 
map tt, while the xX, are horizontal. Let 


V: V(M) > V(M) 


H: V(M) + V(M) 


be the projection maps of vector fields on the veres cal 
and horizontal ones. 

Let VY be the affine connection associated with the 
metric », and let V' be the affine connection associated 
with the metrie o'. Then 


es 
"ye = Yap (8.10) 


From (8.6), we see that: 
anu.) = O\@uemes) (8.11) 
be + oF 7° : 


We ean rewrite this as follows: 


m,(H(Vy X3)) = V 


re (8.12) 
Zi d 


if 
1 4 (X5) 
We can interpret tnis formula in the following basis 


tndependent way: 


Theorem 1. Let Yi. Y, be vector fields on M', and let 


X52 Xs be their horizontal lifts to M. Then, 
H(V, Xo) is the horizontal 


, z | (8.13) 
Efe Ope Ny Vets 
x, 2 
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As a corollary, we have the following baste results 


on the geometric properties of geadeuies of the metric on MM: 


Theorem 8.2. Let o be a curve in M which ie horizontal in 
the sense that it is perpendicular to each fiber of n, and 
which ts a geodeste of the metrie on M. Then, nla) te a 


geodesic of the metrie on M', 


Proof. Stnee o te a geodesic of M, there ie (at least 


toecally) a veetor field X on M such that: 
o te an orbit curve of X. 

The condition that o te a geodesic te that: 
V,X = 0 ond. 


Sinee ao ia horizontal, we can euppoee without Loee in 
generality that X is horizontal. Consider 
H(VyX). 
Projeeted into M' via n, tt te a veetor field Y such that 
n(o) te one of ite orbit curves. Hence, Vy'¥ = 0 on na), 


Thie showe that n(o) is an geodesic of M'. 


Theorem 8.3. Let o be a curve in M which te horizontal, 


in the sense that it te perpendicular to each fiber of . 
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Suppose that n(a) is a geodesic of M'. Then, o ts a geodesic 


of the metric on M. 


Proof. A Hamilton Jacobt funetion on M' ts a funetton 
f' such that: 


my (ele, wip) ee Fhe (8.14) 
Let f' be such a functton, and let 


Ye=sorada tas, 


Y(h) = o'(df', dh) (8.15) 


for each h € F(M'). Then, the orbits of Y are geodesics 

of the metric »', and, locally, each such geodeste arises 

in this way from Hamilton-Jacobt funetions. (See DGCV). 
In particular, choose f' so that n(c) ts an orbit of 


Y. Set: 

pS ep (CEs LG} ) 
Then, 

ON(Ghay Che) = OGre (Che, aielclie 


=, using the Riemannian submerston property for 1. (See 


IM, vol. V), 


me Oa Chip Uy) = as 
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We see that f ts a Hamilton-Jacobi funetion with respect 
to the metric 9. 


Set: 
X = grad f. 


Then, tf 2 ts a vertteal vector field on M, 


i, WC) CP) ee Van (PED?) 


a (CA GRY DY 


i 


= 0, 
sinee Z satisftes: 
1,(Z) = 0. 
In particular, 
X is horizontal. 
Now, for p € M, h € F(M"), 
46 -) G.e eaee 26 Gea O72) 


MCdds) joann cpy 


i] 


Mg Gree 5 a Called 2 Gad 


iH 


n*(oldf', dh))(p) 


n*(¥(h)) (p). 


Hence, 


w,(X(p)) = Y(n(p)). 
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Now, a tangent vector to M' admits a unique horizontal 
lifting to a tangent veetor to M. The tangent vector to a 
is one such horizontal lifting for the tangent vector to 
tlo). X ts a horizontal lifting for Y. Hence, by unique- 
ness, o ts an orbit curve of X, hence is a geodeste of the 


metric », by the Hamilton-Jacobi Theorem. 


Theorem 8.4. Let o be a geodestie of the metrie » which ts 
perpendicular to one fiber of 1. Then, it ts perpendicular 


to each ftber that tt meets. 


Proof. Suppose that o is parameterized by 0548 1, 
and the a(0) ts the point at whitch o is perpendicular to 
the ftber of tm. o'(0), the tangent veetor to co at t = 0, 
ts then hortzontal. By Theorem 8.4, there exists a hori- 
zontal geodeste of » whtch passes through o(0) and which 
has o'(0) as tangent veetor. Sinee geodestes are uniquely 
determined by thetr tangent vectors at one point, this 
horizontal geodesic must equal o, henee o is horizontal, 
which means that o ts perpendicular to each fiber that it 


touches. 


Theorem 8.5. Let 1: M+ M!' be a Riemannian submersion map 


GEOMETRIC APPLICATIONS 201 


such that the following condition is satisfied: 


All the fibers of t are totally 
CeeLZy 
geodeste submanifolds of M. 


Let X € V(M) be a vector field satisfying the following 


conditions: 
a) X ts horizontal 


b) X ts projectable under n to a veetor field Y 


Ow We, Bae 
1,(X) = Y. ((omeuar 


Let ¢ + a, be the one parameter group of diffeomorphism 


t 
of M generated by X. Then, each a, maps a fiber of n tnto 


another fiber, and ts an tsometry of the metrte on the 


ftbers induced from the metric » on M, 
Proof. If Z ts a vector field on M, we have: 
3 
Zz Spa (4) = [xa,,(Z)}. (8.19) 
Let Z be a vertical vector field. Then, 


3 
2), es ee ea 
ae ee (8.20) 


= 20({X, a,4(Z)], a4 4(2)) 


Also, 
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a..(Z) ts vertical. 
Now, the rtght hand side of (8.20) ts: 
20 (Vyas (Z) - Va (eye dyn (Z)) 


= X(ola,,(Z), a,4(Z)) (8.21) 


+ 29(V (WANG 28h 


ays(2) ¢* 
Now, tf all the fibers of un are totally geodesic, 
then the covariant derivative of one vertical vector field 
with respect to another vertical vector field ts again 
vertical. In particular, we see that the second term on 
the right hand side of (8.21) vanishes. Combining (8.20) 


and (8.21), we have: 


3 x _ 
at ee (o(a,,2, a, 42)) = 0, 


whitch implies that a, ts tndeed an tsometry of the ftbers 


yp Wa 


Theorems 8.1 - 8.5 are now standard properties of 
Riemannian submerstons. They involve the first order 
properties of the metrics. In order to better understand 
the material presented by Ricet and Levi-Civita, let us 
investigate the second order properties. The most con- 


ventent way to do this is to study the behavtor of the 
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Laplace-Beltramt operators of the metries on M and M'. 


Let (Y.) be an orthonormal moving frame of vector 
ftelds on M'. Let (Xx? be, stmiliarly, an orthonormal 
moving frame on M. Recall that we have divided in the 
indtces (a) tnto two groups 

1 Sa, g@ = ie =] ean We 


1 ee AI” SP I Io 
Suppose that: 


14 (X;) BT ss 
t.e. the Xjo+e+s X, are the horizontal lifting of the 
vector ftelds Yiscees Ye 
Let f' € F(M'). The value of the Laplace-Beltramt 


operator on tt ts given by the following formula: 


a ae ey 


It 


La pos py 
ey! (Oy ct POEs, 


= tg = , ’ e 
= 8° (YY Cf) = af'(y v4? 


Now, 


PANG) = 6° (rece tf)? 
(8.22) 
“ie gh Nt, a) 


Lt 


(To derive the second term on the right hand side of (8.22), 


use the fact that 


Gale: Mand S We Mad 
ne x; 5] Y; 4 
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Similiarly, let A: F(M) + F(M) be the Laplace-Beltramt 
operator assoctated to the metrite ». Then, 
a(nA (PID) = 87 (KX, (MAF!) 


- pe SG ae 


Since the x are vertical, we have 
# ’ = 
x fm (Gar On 
Hence, we have: 


rACANF'D) = ACWACF)) 
5 (GEES, PS |) 
atneae CS Bay 


To interpret this formula geometrically, for a potnt 
p €M. dun*(f') ts a 1-covector which annihilates the 


tangent vectors to the ftber of mn through p. Hence: 


The right hand stde of (8.23), 

evaluated at p, ts the trace of the 

second fundamental form of the fiber (8.24) 
(One at wii in the dtreetton of the 


CGOoeCTOR ai (aps ) (Gad) « 


Remark: Here ts the general definition of second funda- 
mental form. (See DGCV). Let M be a manifold, with a 


torston-free affine connection VY. Let 
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N CM 


.be a submanifold of M. For p € NW, let 6 be a one-covector 


to M at p such that: 
@(N ) = 0. 
p 


The second fundamental form 


OAc (Na AN eR 
) P P 


ts a symmetric bilinear form, such that: 


S_(2,(p), Z,(p)) 
(8.25) 
= 819, 25) 


for every patr (245 Z,) of veetor fields of M which are 


a 


tangent to N. 


With these notations, we ean write (8.23) and (8.24) 
as? 


ae CIN Cp DE se IM Corpo) 
(8.26) 
= trace (Sa acer)?» 


where A, A' are the Laplace-Beltramt associated with the 
metrics », o' and 5/ mes » J) te the second fundamental form 
of the fibers of the map 1. In particular, thts formula 


proves the following result: 
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Theorem 8.6. 


wea! Ss a (CG RAE 


tf and only tf the fibers of mn are mtnimal submanifolds 


of the Riemannian metrte 9, t.e. the traces of thetr funda- 


mental forms all vantsh. 


Here ts a weaker property than minimality. 


Definttion. The Rtemanntan submerston 1: M>+M' ts satd 
to be isoparametric tf, for each funetion f' on M', the 


funetton 
trace (Sa ayer)! » )) (8,28) 


is constant on the fibers of nm. 


chee i = al. (8.29) 


t.e, the ftbers of nt are hypersurfaces of M. Then, nm ts 
tsoparametrte tf and only tf the mean curvature of each 


fiber of n ts constant. 


Proof. The mean curvature at a point p € M tis the 


absolute value of 
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trace (S,( Bee 


where S denotes the second fundamental form of the fiber 


through p, and ® ts a covedétor at p perpendicular to the 


fiber which is of Length one. 


Now, tf f' € F(M'), the Riemannian submersion proper- 


ty of 1 tmplties that the length of 
ahi ip 


ts constant over the fibers of n. That this implies the 


statement of Theorem 8.7 should be obvtous. 


Remarks: E. Cartan, in papers No. 166, 167, 168 and 172 
in Part 8, vol. 2 of hts Collected Works, has dtscussed 
this "tsoparametrte" notion tn ease condition (8.29) ts 
satisfied and the metrie M is of constant curvature. Thus, 
our matertal is a natural generalization to the case of 
fottations with lower dimenstonal leaves. Here ts a result 
which relates our definitton to Riecet and Levt-Civita's 


definition of "geodeste" and "tsothermal" congruences: 


Theorem 8.8. Let wt: M+ M' be a Rtemanntan submersion 


mapping, such that: 


alibi Wy ee IES 
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Let Z be a horizontal veetor field of unit length. (in 


terms used by Rtect and Levi-Civita in Chapter 2, %Z defines 


a normal, geodesite congruence). Then, the congruence Z is 


tsothermal in Riect and Levi-Civita's sense if and only tf 


tT ts an tsoparametric map. 


Proof. 2Z ts tsothermal tf and only tf there ts an 


pl 6 eM” ) Getreipaaitants.: 
MG GPA) s Oe 

Given (8.26), thts tmpltes that: 
MNS ap)? Senes Kea JOR 


whteh shows that trace San*(f?) ts constant on the ftbers 
Cup ‘ite 
Conversely, suppose that n is tsoparametric. We can 


suppose the coordinate x for M' ts chosen so that: 


We must show that we can find a function f'(x) of this 
vartable so that: 
An*(f') = 0. (8.30) 
Using (8.29), (8.30) will be satisfied if and only if: 


2 Ul Lf 
we (EE) = wt(L) trace(S4 a (my): (8.381) 
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Since trace (S 540%)? is 1* applted to a funetion of x, to 
find f' ts now only a matter of solving an ordinary differ- 


enttal equation. 


Finally, here ts the way we ean spectalize this ma- 
terial to cover the tdeas sketched by Rieci and Levi- 


Civita in Seetion 5. 


Theorem 8.9. Let M be a Riemannian manifold, and let G be 


a connected Lite group of tsometrtes of M. Let 
rt: M > mM! 


be a submerston mapping, such that the ftbers of n are the 


orbits of G. Then, nt ts a Rtemannian, tsoparametrie sub- 
merston. 
Proof. To show that the submerston map n ts a Rteman- 


ntan, tt suffices to prove that horizontal lifting of 
tangent vectors to points of M' all have the same Length. 
But, this follows from the transitivity of G on the fibers 
of t, and the fact that G preserves length of tangent 
vectors. 

Let us prove the Paoparanstnte property. Let 


mee F(M'), and tet p’ € M'. Then, 
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formatiuge € Gs 


Yow, g preserves the second fundamental form S/ f Pee is 


stnee tt acts as an tsometry. Hence, 
brace(Sa,a¢p¢4)? 


ts tnvartant under the actton of G, hence ts constant on 


the ftbers of nr. 


Seetcue 


Chapter V 
APPLICATIONS TO MECHANICS 


1. INTEGRAL FUNCTIONS OF THE EQUATIONS OF MECHANICS - 
LINEAR INTEGRALS 
Consider a mechanical system, with (holonomic) con- 
Straints which are time-independent. Let 
eisj 


2T = g3,x'x (Get) 


be the kinetic energy of the system. (As usual, dots 
above observables denote time-derivatives. i,j are 
indices which range from 1 to n, the number of degrees 
of freedom of the system.) 

The Lagrange equations, determining the motion of 


the system under the action of given forces, are: 


d _aT 
qt a. a =. = Xs, (lez) 
x 


which the X; are related to the forces by well-known 
relations. 

We see easily that, when the coordinates (x4) are 
chosen, the X; transform as covariant l-tensors. Intro- 
duce the reciprocal covariant tensor, using the follow- 


ing metric tensor: 
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ds? eee = gj jx dx? nga 


After solving the Lagrange equations (1.2) with 
respect to the second time derivatives of the coordinates, 


we have: 
ou ee stege 3 -j-k ; 
x = X a eee (1.4) 


(The bay are the Christoffel symbols. See formula (5.1) 
of Chapter I). This is the form of Lagrange's equations 
which is best suited to our goal. 

Suppose that f is a function of the variables xi and 
x. In order that £ be an integral of motion, it is 


necessary and sufficient that 


df. af 2% 06-41 
dt. fo “ee 


be identically zero when one replaces the xt by their 


values, as given by (1.4). This condition is then: 


spi eseed  3e {3 ok 
ek eee ~ Bea ae (1.5) 
axt axt axt Uk 


It is known (see Levi-Civita [1896]) that to each integral 
which is algebraic with respect to the x there corres- 
ponds an integral (which is homogeneous with respect to 
the x) for the System obtained by setting the forces X, 


equal to zero. 
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For this reason, the study of integrals of force- 
free systems is particularly important. Geometrically, 
it corresponds to the study of homogeneous integrals of 
equations of geodesics, for the trajectories of motion 
with zero forces are geodesics of the Riemannian metric 


ds" 


= gi jdx"dx?. (1.6) 
Let us apply formula (1.5) to determine the con- 


ditions that a homogeneous form of degree m 


ee. Lo an (167) 


be an integral of the geodesic equations. Notice that 

the coefficients of f form an m-th degree symmetric tensor 
field. Assuming X; = 0, we see that equations (1.5) can 
be written in terms of covariant derivatives with respect 
to the metric (1.6), as follows: 


di A. 
c. Me ak “et = 0. (1.8) 


The covariant derivative tensor of the tensor {c; i } 
veel 


thus appears very naturally. We immediately see the 
simplications that the covariant derivative operation can 
make in this type of research! 

If it is not assumed that the forces Xs vanish, the 


conditions that an f of form (1.7) be an integral is (1.8) 
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plus the following equation: 
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Ge ex. ae ae (1.9) 
yee ety 
Sncme T1.9), nee hetime (eeheac the cymmecre® f: the oeciices 
the condition: 
(ed i =) (1.10) 


To illustrate these general facts, let us discuss 


the conditions for the existence of integrals 


MERE 2 E -eeOBEE HF ee. 


x1. The identity (1.8) becomes: 
sg EPEE = Gece 
+ 
C555 + Cr = 0. 
ke the ana? “apres ae @ wom zens force 


to this the condition: 


(2a) 
one adds 


ts 


CUBES) 


We have already met equations (1.12) in Chapter IV. 


that the one-parameter 


infinitesimal transformation (or 


group gener- 


vector field) 


(1.14) 
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is a group of isometric. of the metric de’ given be LOGS. 
This link between linear inteyraly of geodesics and proups 
of isometries is well known, and henee merity only thir 


brief comment 


Remark: The etandard terminology is now to say that a 
vector field of form (1.14), sattefytng (1.12), ta a 
Killing vector field. Although kieat and Leui-Civita did 
not use thie terminology, I wilt do eo. (1.12) exprenses 
the fact that the Lig deyioglive wf Lhe metoia The ae 


respect to the veetor field (1.14) ta sero. 


A linear integral of form (1.11) determines a 


canonical congruence 


he = pe (1.15) 


i 


Conditions (1.13) then have the following simple peometric 


interpretation: 
The canonical congruence of a linear integra] 


is perpendicular to the lines of force. 
When the force is derived from a potential function U, i.e. 


c) 


Sate 
ax? 


this condition means that: 
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The canonical congruence of a linear integral 
SSSA oe eee 


is perpendicular to the lines of force. 


When the force is derived from a potential function U, 


Ie. 


this condition means that: 


The canonical congruence is equipotential. 
Because of their importance, we defer the study of 
integrals which are quadratic in the velocities to the 
MEN SECU LCi. 


We want to say a few words about invariant hyper- 


surfaces. 


Remark: Thetr term ts integrals particulariseés or 
equations tnvartants. 


We mean by this an equation 
E(x, 30) 2 @ (GsiG)) 


which is such that a solution of (1.14) which satisfies 
it at one value of t satisfies it for all values of t. 
(In other words, the submanifold of tee defined by (1.16) 


is invariant under the one-parameter group whose orbits 
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are the solutions of (1.14)). The condition for this is 
that 


df 
dt 


be a consequence of the equations (1.4) and the equation 


f = 0 itself. We are thus led to the following identity: 


oe x) + 22 = Me, (1.17) 
ax axt 


where the x’ are replaced by their values in terms of 
X, x, as given by equations (1.4), and M is same function, 
We shall only consider here the case where: 


‘ o Py el 
Prsmlincarne tm thee . 


It is then permissable to suppose that the invariant 


hypersurface is determined by the following equation: 
o,(n]k" = 0, (1.18) 


where OQ, 051) determine an orthonormal moving frame of 


the metric dees 
The left hand side of (1.17) we have already calcu- 


lated in our work on integrals of motion. We have then: 


hg jlalkyt; + x1y,[n] = MA,[n]x*. (1.19) 


We conclude that the multiplier M must be linear in the 


oS say of the following form 
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ae (1.20) 


(1.19) and (1.20) combine to give the following conditions: 


ein aa 
dg fm) + 4 qin) =» dj] 
(es 
at Wyle 


Equations (21) tells: Usmehate clic mls nc Smo ts HOmciemanie 
perpendicular to the curves of the n-th congruence. As 
before, when the forces are conservative, this implies 
that the congruence [n] is equipotential. In order to 


ditscussmedtacvonn(@ly.22))uesicit 
wo, = v;» (il. G23) 
Condition (1.22) may be written in the following equiva- 


lent form: 


= (Geen ch (Gren. Gina) 


Ynij za Ynji jn i alsa 


For n = 2, there are three equations of form (1.24). The 


third reduces to 
Veg 0, le 253) 


which means that the congruence [2] is a geodesic con- 
gruence. But, we have seen that the lines of this con- 


gruence are lines of force, i.e. are integral curves of 
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the contravariant vector field 6, Here is the conclu- 


sion: 


The equations of motion of a mechanical system 
with two degrees of freedom admit an invariant 
hypersurface only if the lines of force are 


geodesics of the metric dacs The ‘notions which 
4s£on this hypersurface have the property that 


their velocity and forces have the same direc- 


tion. 


It would be interesting to work out the conditions: 
that a system with an arbitrary number of degrees of 


freedom admit such an invariant. 


2. QUADRATIC INTEGRALS OF FORCE-FREE SYSTEMS - INTRINSIC 
CONDITIONS FOR THEIR EXISTENCE - PARTICULAR CONDITIONS 
WHICH LEAD TO THE DYNAMIC SYSTEMS OF STACKEL 


Consider a mechanical system with no force, whose 
notions are then geodesics of the Riemannian metric 
ds“ = g..dx*dx). Pea) 
1j 
Suppose it has a quadratic integral of the following form. 


H = cae x. fee) 
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As we have seen in Section 1, the conditions for this are 


that: 


Cij,k + Cik,i ct Ki, j = 0. (250) 


In order to study these relations, it is natural to intro- 


duce the canonical form of the tensor oy (Chapter II, 


SEGtLone si: 


n 
Cag 7 2, Pe [eIA; [KI (2.4) 


where the p, are the roots of the eigenvalue equation 
det (cj, = p83 5) = 0, (aS) 
and OQ, [k]) determine a orthonormal moving frame. Com- 
bining (2.3) and (2.4) gives the following relations: 
0'= Ce, a Pi Kaj Bs Co; a P3)Ti5k 
v (0; 7 PIV 5ki? 


k # i # j, no summation: 
OP, ‘ 
iat 2 (oy, a PL) Yikke (260) 


also no summation on the indices. 


Remark: Reeall that 
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ok P 
a = Y, (py) 


where 


a rm EZ] = 


is and 
ts the i-th veetor field of the moving frame. 

Equations (2.5) and (2.8) give the intrinsic geo- 
metric form to the problem of finding all types of kinetic 
energy forms whose geodesics admit at least one quadratic 
integral. To obtain these various types, start off with 
the metric ds’, considering (2.5) as equations for the 
orthonormal moving frame, with the p; aS auxillary un- 
knowns. The first assumption is to consider all the Ht 
as equal. Equations (2.5) are then satisfied identically, 
and equations (2.6) imply that the p; are constant. Theke 
exists then, for any metric, at least one quadratic inte- 
gral, determined by the metric form itself. This is just 
the kinetic energy itself, which is conserved, because 
there are no external forces. 

Putting aside this obvious case, it would appear 
plausible to study the system of equations (2.5) and (2.6) 
by classifying the type of o which may appear. For example, 
first consider the case where all the p; are distinct, 
then the case where (n-1) are distinct, and so forth. 


Such a study has not been carried through. It would be 
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of the greatest interest if it were done, but at the 
moment it seems very arduous. 

We do have particular solutions of the system, which 
correspond to the kinetic energy forms discovered by 
Stackel [1897]. These examples generalize the classical 
examples found by Hamilton and Liouville. (See Di Pirro 
[1896], Stadckel [1897], Painlevé [1897]). One may find 
Stackel's examples from equations (2.5) and (2.6) by 
making the special assumption that the orthonormal moving 
frame OQ, 0k]) is normal. (To be exact, one assumes the 
normality of all the vector fields in the moving frame 
when all the p; are distinct. When several coincide, the 
relevant hypothesis is slightly less restrictive. See 
Bevel evaliteau|ele Oe ay)))) . 

One might be tempted to conjecture that Stdckel's 
examples exhaust the solutions of examples (2.5) and (2.6), 
i.e. that all moving frames which are solutions of (2.5)- 
(2.6) are normal. This is true for n = 2 (trivially, 
since all vector fields are normal in dimension 2), but 
as soon aS one passes to a larger number of variables one 
sees easily that there are new types of solutions. See 
Levi-Civita [1897b]. The true difficulty lies in the 
problem of finding all solutions. The first step in this 


direction should be the solution of the system. (2.5)- 
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(2.6) in the next case beyond the case where all the OQ; 
are equal, namely the case where only two of the p; are 
aistainct . 

We point out to the reader this possibly interesting 
research direction, which we have reduced to a compara- 


tively simple form. 


Se SUMPACES WHOSE SGEODESICS POSSESS A OUADRATIC INPEGRAL 
(LIOUVILLE SURFACES). CLASSIFICATION OF THESE 
SURFACES BY THE NUMBER OF THEIR DISTINCT GEODESIC 
INTEGRAL FUNCTIONS 

The basic reference of this section is Ricci [1894], 

and [1898], Part I, Chapter VI, VII. 


For n = 2, equations (2.5) are satisfied automatically, 


and the only relevant conditions are equations (2.6), which 


become: 
3p, aP4 : 
ast as 
ap 3 
1. 2(o, = P2)¥211 (3.1) 
3s 
OP 
ou a 2(9, a °1)%122° 


Assume that: 
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Then, equations (3.1) imply the following integrability 


conditions: 


ogee) OM 


= = 3¥5117%122° 
acu 2 Ze Z2 


(Sze) 


Each orthonormal moving frame [1], [2] which satisfies 
(3.2) provides a function H (different from the kinetic 
energy) which is quadratic in the velocity variables and 
which is conserved under the geodesic flow of the metric. 
Denote by 6 the angle between the curves of the congruence 
[2] and the curves of an arbitrary geodesic congruence. 
One sees readily that the conservation condition on H are 


equivalent to the following geometric property: 


Py sin’6 + po cos“8 = constant C3732) 


along each geodesic 


Conditions (3.2) imply that the moving frame [1], [2] 
belongs to an isothermal bundle. (See Chapter IV, Sec- 


seston il }) 
From (3.1) it follows without difficulty that, one 


may choose coordinates (u, v) of the surface such that: 
2 
ds* = (p, - p,)(du” + av’). (3.4) 
Vector field [1] is proportional to sae Ga) 


Vector field [2] is proportional to ss (35) 
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Combining these conditions with the first set of equations 


of (3.1), we see that: 


Py is a function p, (u) of u only 
(Bagh)! 


Po is a function p,{v) of v only. 


Here is the classical 


Definition. A two dimensional Riemannian manifold is 
Said to be a Liouville manifold (or Liouvillé surface) 
if it admits a coordinate system (u, v) satisfying (3.4) 
and (3.7). 


We have then proved the following result: 


In order that the geodesics of a two dimensional 


Riemannian manifold admit a conserved quadratic 
function it is necessary and sufficient that 


the manifold be Liouville. 


Now, the following problem is suggested: How to 
recognize if a metric, given in advance, is of Liouville 
form, and in how many different ways may it be written in 
Liouville form? This problem is naturally equivalent to 
that of determining the number of quadratic conserved 
functions of the geodesic equations. 

Here are the results found by Ricci [1894]. Let us 


Say that an orthonormal frame [1], [2] which satisfies 
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an 
(S732) is, isothermal Liouville system. 
1) Only manifolds of constant curvature possess 
isothermal Liouville systems which depend on 


four parameters. 


(A) Manifolds of non-constant curvature admit at 


most two parameter families of Liouville 


systems. There is one class of manifolds which 
admits precisely this number. They are the 
surfaces in R° which are isometric to surfaces 
of revolution and also have parallel lines of 
curvature. 


5) There exist manifolds which have 1l-parameter 


families of Liouville systems, and others which 


have a unique liouville system. 


Koenigs, in a Prize Memoir of the Academie des Sciences 
de Paris [1894], has dealt with a problem which is closely 
related to the one just described, but not exactly identi- 
cal. He proposes to find all metrics which admit at least 
two Liouville systems. With this viewpoint, he can estab- 
lish some of the results described above. Koenigs announced 


them at the same time as Ricci. 
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4. PROJECTIVE TRANSFORMATIONS OF THE EQUATIONS OF 
DYNAMICS 
Suppose given two dynamical systems, (A) and (A)); 
whose forces are velocity independent. We say that (A) 


and (Ay) are projectively equivalent if the solution 


curves of A and Ay in configuration space are the same 


up to a change in parameterization. 


A LPO OI 
Remark: The terminology used by Ricci and Levi-Civita 


is that the systems correspond. 
LL BLD LOO 
Painlevé [1894] has proposed the following problem: 


Given a dynamical system (A), determine the 
conditions that it admit projectively equivalent 
systems, and find all of them. 

One can prove that, if the external forces are zero 
for (A), they are also for (Aj). Then, the geometric side 
of the problem of projective equivalence takes the follow- 
ing form: 

Determine all the Riemannian metrics which are 


projectively equivalent to a given one. 
This problem has been studied by R. Liouville [1895]. 
He has proved general and remarkable results, without 


giving a definitive answer. (Perhaps it was not possible 
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without the help of Tensor Analysis). We now give an 
idea of the methods of attack on this problem, following 
work of Levi-Civita [1896]. 


ret 
gi jax" dx! 
h, ;dx*dx? 
be two metrics which are projectively equivalent, i.e. 
which have the same geodesic curves up to a change in 
parameterization. Consider the first metric as given 


(and determining covariant differentiation). Here are 


the equations which the second metric must satisfy: 


(4.1) 


where » is same function of x. Denote by g and h the 


determinant of the matrices (gi5)> (h; 5). Set: 


Sepeane (4.2) 


From the preceding equations one readily derives the 


following relation: 
1 


n= c(t, (4.3) 


with C a constant; and 


eye ee ae oe (4.4) 
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This shows (see Section 2) that 
Ay 54%; (4.5) 
is conserved under the geodesic flow of the metric 
gj jdx°dx/. 
To investigate these relations further, consider the 


canonical form for the tensor hij? 


1j 
Equations (4.1) imply the following relations: 


h.. = z oy dz (k] A; [kK]. 


(Coy, = PUY Kig Sy Mees oh ee Ve (4.6) 
Ops 
2(p; i PR) %i5i a ral (4.7) 


(i # j; no sumnation) 


a (up; ) - ; ; 

ne 0) (Gt 2 ay} (4.8) 
as 

a (up. ) 

——— +p, *#-=0, (4.9) 
as” as* 


(no summation.) 


The form of the system of equations (4.6)-(4.9) indicate 
to us that the number and nature of the independent con- 
ditions involved depends on the number of distinct roots 


and multiplicities of the eigenvalue equation 


det (hy; - e8;) = 0 
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Suppose first that all the p are distinct. The 
orthonormal reference frame is in this case completely 
determined, and, because of equations (4.6), the rotation- 
al coefficients Yijk with i,j,k distinct must vanish. 

It follows (Chapter II, Section 3) that all the con- 
gruences of the moving frame are normal, and one is 
naturally led to take the corresponding orthogonal hyper- 
surfaces as coordinates. With the choice of such a co- 
ordinate system, the metric takes the following form: 


dee = Hin(dx) (4.10) 


With this form for the metric, equations (4.6) are auto- 
matically satisfied, and conditions (4.7)-(4.9) take the 
following form: 

Goa = 74) an + ons = 0 (4.11) 
: J axJ axJ 


(i # j; no summation) 


a(up;) 
———- = 0, i # j. (4.12) 
axJ 
3 (up; ) 
a 26s) oe = 0; no summation (4.13) 
ox ox 


The solution of this system is easy. We are led to 


the following result: 
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Theorem. For each index i between 1 and n, let Vs be an 


arbitrary function of X; and let c, C be arbitrary con- 


Stantus, Sets 


es 2 j,2 
Oa eee (Yaa) (dx ) (4.14) 
iii. 
j4i 
Za ic 
ds) (0, +c) Wa+c)... Cte) 
n n 5 
1 Tha ZA (CES) 
z Ce). = we dK). 
mor sem Jt 
j#i 


Then, the metric as, is projectively equivalent to ie. 
and every metric which is projectively equivalent to as2 


US he isl se(opeiile 

Let us pass to the other extreme case, where all the 
p are equal. We see that hi; is then a constant multiple 
of Biz» which is the trivial sort of projective equiva- 
Hence. 

The intermediate cases, where some of the p are 
equal, some unequal, combined with equations (4.6)-(4.9), 
lead to well-defined systems of equations which determine 
the projectively equivalent metrics. As we have seen for 
the case covered by the above Theorem, the geometric 
interpretation suggests the choice of variables in which 


the system is easiest to solve. 
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Returning for a moment to the case where all the Ps 
are unequal, let us remark that the corresponding con- 
served function for the geodesic flow of the metric (4.14) 


takes the following form: 
Wy i C).-- 5] + c) iad coe) 


este cs JCM 0, - po)) G4)? (4.16) 
j#i 

As the right hand side of (4.16) is conser: ed for 
each value of c, the coefficients of the expansion in 
powers of c are also conserved, and are quadnic in the 
velocity variables. They give n distinct conserved 
functions. (In general, there will me as many distinct 
conserned quadratic functions obtained in this way as 
there are distinct eigenvalues among the Pyosses Pps 

It would be important to characterize invariently 
the metrics which can be reduced to the form (4.14). 
(They are called generalized Liouville metrics.) We have 
already done this in Section 3 for the case n = 2; the 
case n = 3 is the next situation to study. 

More generally, it should be kept in mind that the 
problem of projective equivalence for non-zero forces is 


still unsolved. Painlevé [1896] has made very interesting 


contributions, and has solved the problem for n = 2. 
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See also the work of Viterbi [1900]. Will Tensor Analysis 
enable us to push this problem to a conclusion? At the 


moment, we can only hope so. 


Remark: In ease the forces admit a potential (which of 
course tneludes the case n = 2) the soluttons of the 
Lagrange equations are, after reparameterizatton, geodesics 
of a metric. (This ts the "Prinetple of Maupertoss." 

See DGCV, Chapter 16). Hence, the essence of this last 
problem ltes in the case where the forces do not admit a 
potential. 

In addition, the reader will notice that a vast area 
of research is still open. For example, Stdckel has ex- 
tended [1898] the projective equivalence problem by re- 
quiring that two dynamical systems (A) and (A,) have 
k(< 2n-1) parameter families of orbits which differ only 
by a change in parameterization. In an article which will 
appear soon, Malipiero considers the geodesic case from 
this point of view, and presents some remarks which are 


not without interest. 


Remarks: There has been of course a constderable amount 
of work on these probiems since 1900, successfully using 


(as Ricci and Levi-Civita had suggested) the methods of 
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Tensor Analysis. I am not very familter with thts work - 
the treatises by Sehouten [1954] and Vranceanu [1957] 
would be a good place to start. Of course, highlights 

of the post - 1900 work were the introduction of the 


projective curvature tensor by Weyl, and the development 


of the theories of projective connections by Weyl and 


Cartan. 

I would tmagine that there ts interesting work to 
be done in non-classical directions; for example, the 
study of global properties of projeetive equivalence and 
the relattons with quantum mechantes. For example, equa- 
tions of a force-free rigid rotation (or more generally a 
dynamteal system on a Lie group tnvariant under left 
translation) admit quadratte conserved quantities. I 
suspect that they are related to "projective" symmetries. 
What ts the role of these projective symmetries tin 


quantum mechanics? 


Chapter VI 
PHYSICAL APPLICATIONS 


1. REDUCIBILITY TO TWO VARIABLES OF THE HARMONIC 
EQUATION (BINARY POTENTIALS) 


Consider Laplace's equation in Cartesian coordinates: 


32 a2 a2 
U u u 
Au = So ae = We (al, IL) 
ax? ay az 


If we suppose that the function u is independent of z, 


it must satisfy: 


ee Oe Gee} 


This equation defines an extended class of potentials, 
which are constant along the lines in R? which are parallel 
to the z-axis. (C. Neumann calls them logarithmic 
potentials). 

Similiarly, consider Laplace's equation in spherical 
coordinates (r, 9, »). Assume that u is a solution which 


does not depend on ». It must satisfy the following 


equation: 


il a Deaths, Cl 3 : pws |e 
=a {2 (Ge Sui & =a Srey (sin 6 55 } 0 (es) 


r sin 6 


BES 
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There is no trace of » remaining in the coefficients. 
The solutions of (1.3) form a very important class of 
harmonic functions, the symmetric potentials, which are 
well-known after the work of Beltrami [1881]. They are 
constant on the circles r = constant, 9 = constant. 

Similiarly, we may look for functions which are 
independent of r. The corresponding potentials are the 
solutions of 


2 
au iL Gb 
30) * Sin 6 ap- SE (1.4) 


3 : 

30 (sin 8 

Their equipotential curves are the lines in Rr? through 
the origin. 

Wie GG) aaloge joKO\ lj iliss tere) qerexcieve el Cohel Gulls) Ciebals! ieeyoye alae 


For, if u is a solution of (1.1) which is independent of 


8, we have two equations 


F) 2 Bil, 
eee ap) 
acu 

ae 0, 

XO) 


which have the solutions: 


Co Cy 
oe pac, ts) 

where the c's are arbitrary constants. This solution does 

not have the same degree of generality as the previous 


cases. 
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Remark: Physically, the trouble with this family of 
soluttons ts that there are not enough to provide solutions 
of boundary value problems. 

These remarks led Volterra [1883] to pose the follow- 


ing problem: 


Consider the harmonic equation Au = 0, trans. 


formed in terms of an arbitrary coordinate 


system (x!, x2, x?) for R In general, when 
one sets as = 0, one cannot eliminate Xz from 
ax 


A (i-e., the two equations A(u) = 0, te = 0 do 
ox 


not form a completely integrable system). There 
are some cases - we have already encountered some 
simple examples - where x? can be eliminated. 
Here is Volterra's problem: Determine all such 


cases. 


To each such coordinate system, there is a class of 
potential functions depending on two variables, called 
binary potentials. In applications they may be used in 
the same way as logorithmic or symmetric potentials. 
Volterra has studied [1883] then from a general point of 
view. 

A problem which remains is to find if there are types 


in addition to the ones which are known, and to determine 


them. 
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Riemann has solved this problem (Collected Works, 


peo / Oe tone thesheaceequacvon 


but his method is extremely cumbersome. It is necessary 
to clear away the complicating material; Tensor Analysis 
can do this. (See Levi-Civita [1899]). We shall now 
cover the highlights of this research. 

Notice that one type of bilinear potentials is 
characterized by its associated equipotential congruence, 
i.e. the congruence whose curves satisfy: 


xt =SConsStant., x? SIGGIUs tailta, 


formed by the curves along which all the elements of the 
class are constant. In fact, when this congruence is give 
it suffices to choose coordinates arbitrarily (x?, x) x3) 
such that the curves of the congruence are: 


xt = constant, x? = constant. 


The equation which defines the corresponding binary po- 


tentials is obtained by writing the harmonic equation 
Au = 0 


in these coordinates, and then setting a = 0. (The 
ox 


hypothesis that the congruence is equipotential is pre- 
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cisely equivalent to the fact that one can set ae = 0 in 
Au = 0 without being bothered by x >), 

The problem then comes down to finding all the equi- 
potential congruences of space. These congruences (as- 


sumed to be real) fall into the four following types: 


1) Isotropic straight-line congruences, called 
Ribaucour congruences. (See Bianchi, "Lezioni 


di geometra differenziale," Chap. X, Levi- 
Cakvalcame (PES SON. 
2) Congruence of circles with the same axis. 
£3) Congruences of helices. 


4) Congruences of spirals. 
We derive from this a corresponding classification of 


binary potentials. They are isotropic, symmetric, heli- 


coidical, and spiral. 


Remarks: This material ts sttll of great current interest. 
Here tis one general way of formulating the problem, using 
the theory of linear differential operators. (See GPS, 
Chapter I). 


Let M be a manifold, F(M) the C” real-valued funettons 


on M. Let 


A:F(M) + F(M) 
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be a differential operator. (The ease where A ts the 
Laplace operator is typical and important, but ts by no 
means the only interesting example!) 

Let M' be another manifold, 


Als ECMO = RM) 


a differential operator on M'. 


Definitions. A map 
po: M—> M' 
is satd to intertwine A and A' 7@f: 


AM (CMM CUA) He oy CN GE) 
(2.82 


pene Gh ap’ E GM") 
yp ts satd to be a homomorphism from A to A' tf the follow- 


ing condition ts satisfted: 
Pp MCP!) = On shen Mor (P)) = oO: (Qe 8) 


Of course, conditton (1.5) impltes (1.6). The con- 
eepts discussed by Riect and Levi-Civita are really 
"Localizattons" of this one. 


Here ts another formulatton in terms of foliations. 


Let M be a mantfold, 


A: F(M) > F(M) 
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a differential operator. Let V © V(M) bea 


veetor field system on M, t.e. an F(M)-sub- 


module of V(M). Suppose it ts integrable, t.e. 


that tt defines a foltatton on M, t.e. 


[V, 


Wi) © We 


An integral of V ts a real-valued function f 


defined on an open subset of M such that 


(ape) 


Let 


Ee (0) pero bie 20 WS Mee 


I(0, V) denote the set of integral functions 


defined in each open subset O of M. 


Definition. The foltatton V ts said to reduce the differ- 


ential operator A tf: 


A(T(O, VJ) ¢ I(0, V). (Hay) 


Rteect and Levi-Ctvtta consider the case where 


Meo= 


v= 
As in so much 
this matertal 


view (perhaps 


ee 


Laplace operator. 
1-dimenstonal foltatton. 
of the rest of this paper, I would say that 


should be reworked from a modern point of 


with a global outlook), with special attention 


242 PHYSICAL APPLICATIONS 


to new problems of thts sort which arise in the theory of 
Lie group representation theory, differential equations, 
and General Relativity. 

Here ts another example, of an important geometrte 


situatton which ts covered by (1.5). Suppose 
Bz: V(M) x V(M) + F(M) (1in8)) 


defines a Riemannian metric on M. A can be chosen as the 


ftrst Beltrami operator, considered earlter: 
ICP) = Biber, Gin) (soy 


(Of course, B must be "dualized" first, to define an inner 
product on dtfferenttal forms). Suppose also that M' ts 
another mantfoitd, B' a Rtemannian metric on M', A' tts 
first Beltramt operator. Condition (1.5) then means that 

A ts a homomorphism between the Rtemannian metrics 8B and 
B’, as defined in Volume V. (In the terminology used 
earlier by Retnhart and O'Neill, 8 ts a bundle-like metric 
with respect to », and » ts a Riemannian submersion between 


Mand M'), See Chapter IV for more detail. 


2. VECTOR FIELDS 


For general ideas on vector fields, from our point 


PHYSICAL APPLICATIONS 243 


of view, one might consult with profit (in addition to the 
well-known treatise by Tait) the posthumous memoir by 
Ferraris [1897], and the recent memoir by Donati [1898]. 

By a vector field we mean a correspondence which 
assigns to each point of a domain of space (i.e. R°) a 
vector V whose origin is at P. 


Let ae a 


a. e. — the coordinates of V with respect to the co- 


; y? be the Cartesian coordinates of P; 


ordinate axes. The law of coorespondence between points 


and vectors means that the components m, ae y? 


of V are 
j i 2 3 
functions of y', y', y.. We suppose, of course, that these 
functions are continuous and possess as many derivatives 
as is necessary. 
Given such a vector field, the scalar quantity 


1 2 3 
ieee chk 


ay! ay? ay” 
isnatunalivyesassociated. One calls 1t the divergence of 


V at the point P: 


I 
divv = +a. oe - (2.1) 


It appears quite often in physical theories. For example, 
if the vector V represents the displacement of P in an 
elastic deformation, div(V) is a measure of the stretching 


of the particles in a neighborhood of the point P. More 
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generally, when V is a flux of any physical nature, div(V) 
measures its condensation. 

If the components (Y;) are derivatives of a function 
U(in which case we say that the flow represented by V is 
of potential type), then 


datvavie= mene 


There is another vector closely linked to the field, 


the curl 2. Its components are given by the following 


formulas: 
ee _ aY 
oy ay? 
ave ay 
ay? ay! 
ay? n ay? 
aye ay? 


To see its physical interpretation, think, for example, 
of hydrodynamics. If V is the velocity of the fluid, then 
the "rotation" of the fluid is defined by the vector w. 
It is identically zero for the velocity fields of potential 
type. 

Now, suppose that the physical space, x, is described 
by arbitrary coordinates (xt, x’, x?). One naturally 


encounters the problem representing the vector field and 
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the above operations in these coordinates. 

To do this, associate with the vector field Va 
l-covariant tensor (X5); 1'= i, j = 3, whose components 
reduce in Cartesian coordinates (y*) to the components 
cyt) of V. The principles of Tensor Analysis immediately 
enable us to write down the above operations. (The same 
method enables one to immediately write down the standard 
integral formulas, such as those of Green and Stokes, in 
arbitrary coordinate systems. See Ricci [1897]). 

Let (855) be the metric tensor of the Euclidean 


2 oe Mee 
WMETPIUE Teel Wer alae, 


ds? = 6; ;4y "dy? 
= gj jdx*dx? 
Then, 
div V = gk (250) 
(curl v)+ = ee (52) 


(For the definition of the € tensor, see Chapter I, 
Section 5). To prove these formulas, notice that the 
right hand sides are invariants under change of coordi- 
nates, which reduce, in Cartesian coordinates, 7) me y°, 


to the values they should to make (2.1)-(2.2) identities. 


For vector fields of potential type, i.e. 
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it follows that 

div V = g-JU. 
which is the general form of the Laplace operator AU, 
as expected. 


We have already remarked (Chapter I, Section 5) that 


one may write (2.1) in the following form: 


it 


div ieee ae) es) 
Vg ax? 
, ax. 
(curl Vv)" 2 Se: 7 
OX 


(Again, in (2.4) regard two indices which differ moduio 
three as the same). These formulas are useful for calcu- 
lations. 

In elasticity and, especially, in electrodynamics, 


one encounters the vector field 
= = eusril (eure W)), (45 5)) 


Here are the formulas for this operation in terms of 


Tensor Analysis: Start with Cartesian coordinates (y7): 


Seen ag oe ovi+2 > 
il ayi*4 ages ay* 
: 3 peel : ay; ; 
irl a ae 
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This may be written as: 


cee a a 2 ee 
i ayJay* ay” ays 
: ale 
- gik Lo eae (zeen 
ayJays = ay* 


We can now write down the formula in a arbitrary coordi- 


nate system, 


: rent (div V). (a7) 
Be 


Tose 
To prove formula (2.6), note that it is an invariant 
formula, which takes the form (2.6) in the Cartesian co- 


ordinate system. 


3. DIVERSE EXAMPLES - EQUATIONS IN GENERAL COORDINATES 
OF ELECTRODYNAMICS, THEORY OF HEAT, AND ELASTICITY 


Electrodynamics. The electromagnetic field is de- 


fined by two vector fields 
E, B, 


called the electric and magnetic field vectors. This 
depends on time. For fixed time, they are vector fields 


on ae as considered in Section 2. We denote by 
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the vector fields obtained by taking partial derivatives 


with respect to the time, t. 


Remark: JI follow the modern notations, now used in 
physics books. (See Jackson [1961] Vote IV, Chapter 
IV) Rteet and Levi-Ctvita use Eos fos (whieh actually ts 
not a bad notation!) To be prectse, in terms of arbitrary 


coordinates (x°) for Re, WS bey gf 2 By 


an” 
With these notations, the equations for a homogeneous, 


USOCroOplerdialicctnic are, invHenez" form: 


3B 

Au eae GuTlen (38) 
3E 

A€é Soe Glunlens (Sz) 


A, uu, € are constants. 
We may translate these equations into an explicit 
form, in terms of an arbitrary coordinate system (x7) for 


Ry by using the formulas of the preceding section. Let 
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(E;), (B;) denote the covariant 1-tensors corresponding 


EOMtneeVeEcton utdelds E and B. Equations (3.1) and (3.2) 


ox ox 


become: 
Au Be. ot (ee : area (3.3) 
at VE sith mite 
Fe: oEs sat oBs ay ; 3Bs 4. ae 
at VE Lt. 1+1{° e 


It may be useful (for the study of waves, for example) 
to separate the differential equations satisfied by E 
and B. This may be done by eliminating first Ei then B, 


from equations (3.1)-(3.2). One finds in this way: 


z a“B 3 
A’ we = A€ — (curl E) 
ste Spe 
= oE 
= AG jepell ( 
as = JME eqtietl ((euhell Js 
Similiarly, 
a ack 
A“ we a wer (cower 3:9). 
at 


Formula (2.7) leads to the following relations: 


Ae Be ; 
2 i jk 3 ; 
PS a eR B. .1, - —~ (div B) (S55) 
ot i,jk axt 
2 Zhe ay é 
Ce ries | . : 6 
A“ we ec aas S mes —— (div E). (3.6) 
at2 i,jk 3,3 
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For empty space, one has, in particular, 


als (8) = cliwide}) = W. Gis 


One may now translate the limit conditions into general- 
ized coordinates, then, introducing polarisation and 
current, consider the case of dielectrics and conductors. 
It would be interesting to present some applications 
of these general formulas, but this would lead us too far 


afield. We have simply given enough to guide the reader. 


Remark: After the development of Special and General 
Relativity tt became clear that the equations of eleetro- 
dynamtes were even more elegantly and usefully desertb- 
able in the context of four dimenstonal tensor analysis. 
See Jackson [1962], Landau-Lifsehitz [1959]. Then, 
Cartan showed that the ultimate framework was in terms of 
differential forms. See Volume IV,“ 

Heat. The movement of heat in a conducting body is 


determined (when one neglects phenomena of absorption 


and mechanical work) by the following equation: 
Cop mee div(F). (S58) 


C and p represent specific heat and density; T is temper- 


ature, (a scalar), while F, a vector field, is the heat 
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flux. All are time-dependent objects defined over space. 

The vector field F is defined in isotropic bodies by 
the fact that its component in any direction is propor- 
tional to the derivative of temperature in that direction, 
io@e 


Fae sGurcncalc al (C35, 10))) 


c may depend on the coordinates. If (F;) denotes the 
covariant coordinates of F in an arbitrary coordinate 
system (s+); these equations can be written as follows: 
eee Sy 
Cee seers (c Vg el (3.11) 
Vg i=l ax 3x 


When C is a constant, we have the well-known result: 


Cp ot = cAT. a2) 


Remark: Equation (8.12) ts now ealled the heat or 
diffuston equation. 

Notice that (3.10) is unnatural from the point of 
view of tensor analysis, since relation (3.9) seems to 
indicate that F is a contravariant vector field. Physi- 
cally, the origin of this identification is our assumption 
that the conductor was isotropic. For an arbitrary con- 


ductor, the following general relation should be assumed: 
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pee) eS (3:13) 
axJ 


The coefficients cJ (which are symmetric, and are called 
conductivity coefficients) are functions of the variables. 


They define a 2-covariant tensor. 


Remark: In modern continuum mechantcs, relattons (3.13) 
are typical constitutive relations. 
We can now write down the general version of (3.11) 


that is correct from the viewpoint of tensor-analysis: 


= are sor (Say 
ot Fe xt axJ 


If the heat conductor is homogeneous, the coefficient 


ny : A ; : 
c*J are constant in Cartesian coordinates. Of course, if 


they are regarded as forming the component of a tensor, 
they are not constant in arbitrary coordinate systems. 
In particular, one cannot take c*) outside the differen- 
Glation sien in (304). Another form ote GS al4nmeuse: 

aT ijq 


Cp spre ao (Sols) 


To see that both (3.14) and (3.15) are legitimate 
verions of the heat equation in general coordinates, note 
that both have an invariant nature, and reduce to the 


standard equation in Cartesian coordinates. 
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Remark: Thts ts a typical application of Tensor Analysts 
in phystes! Finding the "eorrect" or "invartant" form 
(from the viewpoint of Tensor Analysis) of system of Equa- 
tion ts often a great help in investigating new phystcal 
phenomena. For example, quantum fteld theory carrtes over 
this vtewpoint to desertbe elementary particles in terms 
of quantum fields. One must regard such equations as 
mathemattcally inspired guesses, whose consequences are 
compared with experiment to cheek the correctness of the 
mathemattcal guesses. Unfortunately, in quantum field 
theory it ts, so far, too hard mathematically to derive 


enough consequences to check with expertment! 
Palasitci tye Let (ye) be Cartesian coordinates. Let 
u; be the coordinates (in the y-coordinates) of points in 


the elastic body. 


eo al (3.16) 


(a; 5) measures the strain of the body. 
The potential of the elastic forces acting on the 
body is a function 2M of the ij? which is typically 


quadratic and homogeneous. Set: 


on = cijke,.. (Seu) 
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The Soerrrerent’s — are caiiled™eliaisimnicat yacoet tilememtsr 
and may be functions of the y. 


Denote by F the vector field representing the force 
which acts on a unit amount of mass. p is the density of 


matter in thesbody. Set: 


ij . am _ .ijke 
il Bian c Ay pe (3.18) 
ij 
The equations of elastic equilibrium are then: 
ij : 
ae (3.19) 


ay 
It is now easy to write these equations in a form 
which is valid in an arbitrary coordinate system 


3 


2 x3) for R>. Regard: 


(xt, x 
(u; ) as a l-covariant tensor 


Ce as a 4-contravariant tensor. 


F as a l-contravariant tensor. 


SHER 
aai; =p 4 + aS (3.20) 
terme ce (ez) 
ee ae (3.22) 


Again, the equations (3.20)-(3.22) are independent 
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of choice of coordinates - because they are written in 
terms of Tensor Analysis - and reduce to the usual re- 
ations (3,16)-(3.19) when the coordinates for R° are 
orthogonal Cartesian. 

This is not the place to go further, but we might 
mention that the theory of elasticity is one of the areas 
where Tensor Analysis may be called on to serve as a 


mathematical language and framework. 


Remark: This tast prophecy - as for so many others in 
the book - indeed became true - see any current treatise 
on elasttetty and continuum mechanics. (Unfortunately, 
they are all in the engineering or applied mathematics 
literature - a contemporary version of Ricci and Levi- 
Civita's work ts very badly peeee tn this field!) 

It ts also historically appropriate that the article 
ends wtth equatton (3.22), showing that thé "divergence" 
operation on symmetric 2-tensors ts the appropriate in- 
vartant form of one of the elassteal parttal differential 
equations of mathematical phystes. This fact was a key 
idea - even a dramatic clue, in the detective story sense 
- in Einstein's discovery of General Relativity. See his 


book, "The Meaning of Relativity" [1]. 
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